Part I: Multiple Choice (Answers)

1) Solution: Let x be the number of students who failed.
60x +84(60- x) =80:60
24x = 2400
Answer: (e) x =10

2) Solution: The sum of two sSides must be greater than the third.
Answer: ()

Answer: (@)
4) Solution: s=rq
108= 29
e2g
Answer: (d) r = 24ft
o & c
5)  Solution: y? +&2 = (2y)?
e2g
X0
3y’ =¢==
$24 X D .
X XA/3
23 6
Answer: (aor c) AP =2y = XTg

Note The same answer was listed for aand ¢. Either correct answer was counted.

6) Solution:  Let x =log,16 y =log, 27
3*=16 2y =27
X:In16:4ln2 :In27:3ln3
In3 In3 In2 In2
:4In2:3ln3:12
IN3xn 2




7) Solution: 9tan(j:”i- x9:tan85’i+ x2
ed g ed g
Stnl - tanx tanl +tanx
! u_ 4
9¢é D a=
&+ tanPtanxy  1- tanPtanx
e 4 o 4

ggl- tanxt _ 1+ tanx

g +tanxy 1- tanx

9L - tanx)’ = (1+ tanx)

9(1- 2tanx+tan2x):1+ 2tanx + tan”® x
8tan® x - 20tanx+8=0
(2tanx - Ytanx - 2)=0

tanx =1/2; tanx =2

Answer: (b) Product of theroots = (tan"*(1/2) )(tan"* 2) » .5133
43, -
8) Solution: snA=-2_=X° x
2X 4 A
Moyl X
A =d9n l73»26 2 XGO A
Answer: (d) 2
9  Solution: fx+1)= ax?+14x b f(x)=fDE 19,2
% € 29 g
ax-1¢ . ax- 16

f(x) 43 . ;'a+143 >
=x%- 2Xx+1+7x-7
f (x)=x?+5x - 6 whichhasrootsof 1 and - 6.
Thus the sum of therootsis - 5.

10)  Solution: Xx?+(cotAcosA)x -1=0 with 0 < A <p/2
x? +(cos’ A/dn A)x - 1=0
(N A)»* + (cos®’A)»x - SNA =0
- COS’A + Jcos4A+ 4sn®A
29n A
- COS’ A + Jcos“A + 4(1- cos®A)
239nA

X =

X =




- cos?A + Jcos“A- 4cos? A +1

X = :
29n A
. Cos’A + J(coszA- 2)?
29n A
_ - 00s’A * (cos’A - 2)
29n A
- 2 + 2 A -
= cos” A .(cosA 2): .2 A
29nA 29n A
- cos’A - (cos?A-2)  -2cos*A+2 .
2 = : = - = 9nA
29n A 29n A

Thus X, + X, = 9N A - CCA

Answer: (b) (A quicker answer may be found by using the sum of the roots.)

11)  Solution: e’x'™ = x3
In(e?x™) = In(x®)
Ine* +Inx"* =3Inx
2+In xInx =3lnx
(Inx)*- 3Inx+2=0
(Inx-2)(nx-1)=0
Inx=2b x=¢?
Inx=1P x=¢€

Answer: (C) Thus the sum of the rootsis e? + e » 10.107

12)  Solution: Therootswill be real and unequal when b? - 4ac > 0. For the
equation above, we have k? - 4:1:1, and so k must be greater than 2. The
probability of this heppening is 2/3

Answer: (b)
13)  Solution: 2201ihree
X _212nree
12102
22010
1210200

Answer: (d) 202201 2three



14)  Solution: (@a*b)*c=(b+D)*c=c+1
a*(b*c)=a*(c*)=c+2
Answer: (e) c+1 isneverequa to c +2

15)  Solution: Thetota number of ways to choose 7 sudentsis 7! =5040. The
number of waysto choose agirl or boy dternatingis 4:3:3:2:2:1:1=144.
Thus the quotient of the aternating ways divided by the tota number of ways

44 _ 1
5040 35
Answer: (a)
16)  Solution: Let X be the required timein hours.
x.ox_1
2 5 2
Answer: (b) ng or 1 hour and 40 minutes
17)  Solution: Ix+3p+1=3x +1 Let h=3/x
3x+3p+1=h+1
X+3p+1=h*>+3h?+3n+1
h®+3p+1=h®+3n*+3h+1
3h?+3h-3p=0
h?+h-p=0
b?- 4ac=1+4p3 0 or p3-%
Answer: (b)
18)  Solution: tandan ' > +tan™* L0l
e 10 X+1lg 4
x . 1
10 x+1 _ 4 o Xx ., 1 _, 0 x, 1
1. X1 10 X +1 10 x+1
10 x+1

X(x+1) +10 = 10(x +1) - x
x> +x+10=10x +10- x
x*-8x=0

Answer: (@) x=0,8




19)  Solution: ABCD isarhombus. AC haslength /3k and the diagonal BD

has length+/2 k .
A r—
ol |1®.

P \.\\ K

AreaABCD = Y2Kx/3k _ ok ~C
2 2
Answer: (b)
20)  Solution: Letx, x +1, and x + 2 bethree consecutive integers.

Casel: If xiseven, then x + 2 isaso even, 0 4 divides the product.
Cae2: If xisodd, writex as 2k - 1. Two sub-casesexist.
21) Ifkiseven, sy k =2n,then
x+1=(2k- 1) +1=2k =2(2n). So4dividesthe product.
2.2) Ifkisodd, say k =2n +1, then
Xx+1=(2k-1)+1=2k=4n+2=2(2n +1).
So 4 does not divide the product.
Thus the probability is /2(1+1/2) = 3/4.
Alternate Solution:
Any integer can be written in one of thesix forms. 6k, 6k +1, 6k +2, 6k +3, 6k +4,
and 6k +5. Let ? denotethe product of 3 consecutive integers and consider the Six
cases below.

5 Probability M
' isdivided by 12
6k (6k +1)(6K + 2) 12k (6k +1)(3k + 1) divig}'k;’l"ea)’bi " 1
(6k +1)(6k +2)(Bk +3) | 66k +DEKk+D@k+y | DMERiely 22 %
(6k +2)(6k +3)(6k + 4) | 12(3k +1)(2k +1)(3k +2) divigf't‘)’l‘?’bi b 1
(6k +3)(6k +4)(6k +5) | 6(2k +1)(3k +2)(6k +5) \?Jr‘]’g?('?sbég %
(6k + 4)(6k +5)(6k +6) | 12(3k + 2)(6k + 5)(k +1) divig't‘)’l‘;ayb}s/ " 1
(6k +5)(6k +6)(6k +7) | 6(6k +5)(k +1)(6k +7) mgbl'(elsy Odlg %
The probability of each caseis % . Ths %g‘u % i1+ % i1+ %3:% isthe

probability that ? will be divisble by 12




Part I1: Integer Answer (15 Problems)

1) Solution: 210. 27 =1024- 128 =896

Answer: 896

2) Solution; 7ABE ¢ ?BCF I I
A X B
7 Ax*- 12
X X 7 12 s
49 = x? - 122 < X F
x2 =193
D C
Answer: 193
. 2d 2d 2 vZ - 40?2
3 Solution: M = = = =
) E— e d N d 2V v
v+40 v-40 v2- 40?2
2 102
393 = ﬂ
Y

v2 - 396v-1600=0
(v- 400)(v+4)=0
v =400

Answer: 400 mph

2, 2 1 20 240 252 _ 512 2°
+ + = + + =

4) Solution =+ — = = _ <
- 9! 7131 515 100 10! 10! 10! 10!
a=9 ad b=10 Thusa+b=19
Answer: 19
5) Solution: Note that L = In2 , L = In3 ,
- log,100! Inl00! log;100! INn100!
&In2 In3 In100 &
+.. 4+ T

Thus A = 100 + x
§|n100! In100! In100! g

= 10080 (234 % X000)0_ 159 = 100
2 In100! P

Answer: 100



6)  Solution  Let - = abcdef abodel
n

Then  10° @8- ancdef . 2bcaer

99999989 = ancdet

eng
999999 = n (abcdef) Now consider the factors of 999999
999999 =3:3:3 :7:11:13:37 The factors that satisfy the
given conditionsare 7, 13, 21, 39, 63, & 77 and their sum is 220.

7) Solution: Since 1++/2 isaroot, 1- /2 must also bearoot.
1++2)* +a(l++2) +b=0
1- +2)* +a- +[2)+b=0
A+42)- @-2)*+2J2a=0
8J2+16\2 +242a=0

4+8+a=0
a=-12, b=-5 Thus b-a=7

8) Solution: Assumethat Sde aisopposite b A.

(a+b)(@a- by=cb+c) or a’- b®>=c’+bc
a’ =b?+c*+bc=b?+c”- 2bccosA (By Law of Cosines)
bc =- 2bccosA
cosA=-1/2 or BA=120°
Answer: 120°

9) Solution: Let N ? beaperfect squarein the sequence. Then N % - 1 must be
amultipleof 7. Thus(N+1)(N-1) =7m. Soether (N+D)or (N- Disa

multiple of 7.
Perfect Square | 15[ 2] 39 4™ [ 57 [ 6™ | ... | 100™
m o121 2] 213 50
N +1 7 14 21 350
N-1 0 7 14
N 11 6] 8]13]15] 20 349
N2 1| 3664|169 225|400 3492

Answer: 3492 =121801



10)  Solution: 1,1, 1 _atb+tc__smof theroots :4/k:4.
ab bc ac abc product of the roots  1/k

11)  Solution: f(-1)=f(0)+1=k+1
f(-2=k+1+4
f(-3)=k+1+4+7

f(-50) =k +1+4+7 +... +148 = 4000

k + 37198) e0-4000 or k +3725=4000
k =275
Answer: 275
12)  Solution: @L+x+x*)? = [1+(x+x2)]"

= 17 +12X"(x + X?) +664'°(x + x?)* +2104°(x +a%)° +---
(no termsinvolving x*)
= 66X2x% +220x° = 352x3
Answer: 352

13)  Solution: Notethat thereisanintersection at x = 0. There can be no intersection
beyond x =200 which isgpproximately 64p. Within each period (0, 2p),
(2p,4p), ..., (62p,64p) there must be 2 intersections. These 64 intersections

plusthe one at zero yields 65 intersections.
Answer: 65

14)  Solution: Let the 5 pointsbe ABCDE. Note that to paint the 5 pointsin the
prescribed fashion, 2 colors must be used twice and one color just once. Also,
note that if point A isafixed color, then there are only two waysto paint the Sar.
Condder one such et of colors, wherered isthe Single color used. Thenif A is
painted red there are only two waysto paint the rest of the star. A amilar
gtuation occurs if the points B, C, D, or E are painted with thered. For this set of
colorsthere are 10 waysto paint the star. Since there are three different sets of
colors, there are atotal of 30 waysto paint the sar.
Answer: 30

15)  Solution: Notethat 7* = 2401= 2400+1= 24(100) +1
Now any number of theform (100t +1)* isanumber of the form
1000t + 1, so 7 “isof that form.
71166 = 71160+6 = 71160 X76 - (740)29 X76

Which has the same last 3 digitsas 7° or 649.







