SOLUTIONS

PART 1
: . d d
1 Solution: totd time — +—
40 60
total distance = 2d
2d  _
d d ®
— 4+ -
40 60
Answer: 48 mph
2. Solutiont axis = —
2a
. ab o b
Distance from (u, v) to ¢=—, v~ equas |u+—
eZa 2a
.. -b b b .
Other point: —=x|u+ ® - —- uisonthegraph
2a 2a a
Answer: 889 u,vg
e a 7]
3. Solution: 198=9%1x%2
Ruleof 9: x+y+2=90r 18
Ruleof 11: x+5- y=11
2a+7=20, \ x=1y=6
N, 198 =77777 Thusthelast digitis7
Answer: 7
4 Solution Xy =(6- (X +Yy))*=36-12(x +y) + (X +y)?
Xy =36- 12X - 12y + x> + 2xy + y®
X2 +xy +y? =84
X% -12x- 12y +xy +y* =-36
12x +12y =120
x+y=10
x=10-y
Thus 100- 20y +y® +10y- y* +y* =84
(2,8)and (8, 2
Answer: 16
5. Solution: Lea=b=c=1

Answer: 256



Solutior: Use right triangle with hypotenuse = 1.
Useright trianglewithc=1,a=x,and b = \/ 1- x?

Solution: 1111111 =239 x4649
To get 239 use the calculator and set tables. Set the Table start at 1 and the change in table to
2. Thiswill causethe table to go up by incrementsof 2. For “y, =" use 1111111/x.

Cdculate the table and scroll down they; table until you find a number with no decimdl.
Answer: 2+3+9=14

) 1- X 3+ X
Solution: | E—_ — =
b AL, 0943_ X .25 2X+1 y
4y:1'_X
3- X
LY
47 :gé'—g = 3+x or 4y:2X+1
edg 2x+1 3+x
Thus 1- x :2x+1
3-x 3+X
2_7x=0

x =0, 7 but x cannot be grester than 1
Answer: x =0.

Solutiont
B
N
C b A
c? =a®+b? - 2abcosC
Area a?+Db?- c? =2abcosC = basin C
tanC=4
secC :\/ﬁ

Answer: «/ﬁ



10.

11.

12.

Solution (1) A :?:a+b+c

(2 a®* +b*=¢?
Solve (1) for ¢ and substitutein (2) to obtain (a- 4)(b- 4)=8
Thusa=6,b=8or a=5,b=12
Hencethereare2. b (6, 8, 10) and (5, 12, 13)
Answer: 2

Solution:

Ci_ E(1,3)

18/5

0 \/B (6,0)

D

DE=5
BE = /34
oc=18
5
PDBE =2 and PDBO =x

tanz =tan(x +y) =

wlo

18

5 _3
tany =—=—
Y 5
tanx = tanz- tany :E
l+tanztany 15

Answer: 8+ 15=23

Solution: 5b+1£ 3la
43a£7b-1
435b+1) £ 31(7b- 1)
215b +43£ 217b- 31
74 £ 2b
37E£Db

Answer: 37



13.

14.

15.

16.

17.

Solutior: Probability of 2 heads for 2-heeded cainis 1 and for afair coinis %x% :%. Since
the probability of choosing one of the coinsis 1 and the probability of the two headed coinis 4
times the other, the probabilities must be %amiS1 .

Answer: 1
5

Solution: The next century will have (5217) X7 +5days. So 2101 begins on Saturday.

Likewise 2201 on Thursday, 2301 on Tuesday, but the next century will be alegp century and
S0 2401 begins on Monday.
Answer: The pattern will repest and so will never fal on Wednesday, Friday or Sunday.

Solution: Consider a parallelogram with sides 100 and 200 and diagonds ¢ and d.
c?+d? =2(100” +200%)
c? +(2 404/61)?

c? = 75600
c=274.95

Answer. 274.95

Solution: Let R =radius of globe
r = radius of bdl

b = distance from corner of box to center of globe
D=+/3R=43r+r+R
r=(2- V3R =(2- +/3)10=27

Answer: 2.7

Solution: Since the left members are symmetric equations of x and y, they can be written as
polynomids in the dementary symmetric equations:

c’+d- 2c=8

2c? - 4d- X =14

where x+y =- ¢, xy =d. Thesolutionsof thissysem are (c, d) (- 2,0) and ———
e

But x and y are the roots of the equation u® +cu+d=0. From u®- 2u=0 we obtain the
two solutions (X, y) = (0, 2) and (2, 0), and from the equation 36u® +138u+35=0 we
obtain the solutions (X, y) = (- 0.273,- 3.56) and (- 3.56,- 0.273).

Answer: - 1.833



18.

19.

20.

Solution: Denote the tens thousands digits by a, the units digit by b, and the hundreds digit by (b
+1). Therefore, we have the equation x? =1000a+100(b+1)+10a+b or

(1010)a+(101) b = x* - 100. This equation can also be written as

101(10a+b) = (x +10)(x - 10). Fromthelast equation, 101 isprimeand (10a+ b) isat
most in the nineties, owing to the nature of aand b. So, 101 must equa (x +10). Therefore, x

=91, which then leadsto x? = 8281.
Answer: 19

Solution: The second tallest player must be adjacent to the tallest player (either Side). Thethird
tallest person must be adjacent (either Sde) to thefirst two, and so on. Thus, the players can
line up in 2° = 64 different waysif |eft to right is considered different from the same order right
to left.

Answer: 64

Solution: Note that

(tan1° xtan 89° ) {tan3° xtan 87° ) {tan 5° xtan 85°) .. {tan 91° xtan179° )= 1. Thispairing
will notindude tan45° =1 or tan135° =- 1.

Answer: -1

PART 2

Solution: Rewritethe sum as
12 +(32 - 22)+(5% - 42)+-.-+(199% - 198?)- 2002
=1+(3- 2)(3+2)+(5- 4)(5+4)+---+(199- 198)(199 +198) - 2007
=1+2+3+-.-+199- 200?

=19900 - 40000
=-20100

Answer: |- 20100

Solutiont Notethat F(0) =2. Thenfind F(1) =5 and F(2) = 26. F(5) =26° + 1= 677.
Answer: 677



3. Solution: Let x = width of river x =y + 700

y = digancelst ship track t x(700) =y +300
t = time sector ty =700+ (x - 300)
Solving yieldst = 2, y =1100, and
X =1800
0 )
‘ 300 EAST
Y >
! !
2nd meeting 1st meeting
Answer: 1800
4. Solution cos5x = c0s5x +ign 5x = (cosx +isn x)°

cos5x = ¢os’ X - 10cos®x sin? x +5cosx Sn* x +i(
cos5x = cos’ X - 10cos® x(1- cos® X) +5cosx(1- cos® x)?
cos5x =16c0s’ X - 20cos® X +5cosx

Answer: 1
5. Solution: D+2-@4);v=-1
(2+(3-(9;x=0
By subdtitution x =0,y =6,z=7,u=3,and v=-1
Answer: 15
6. Solution By law of cosines
(120- x)* = x? +272 = 27 >c0s50°
Draw atriangle

Answer: 67 miles

7. Solution: x*+y%-10x =25
(x-5)°%+y*=25
Under thereflection: ~ Center (5,0)® (- 3,8)
Arbitrary Point (8, 9 ® (1, 11)
Locusisadcirdewith center (- 3,8) and radius5.
(x+3)° +(y- 8/ =25



Xx*+y? +6x-16y+48=0
C+D+F=6-16+48=38

Answer: 38

8.

10.

11.

Solution 2001 + P =nv

m? - n* = 2001

(m+n)(m- n)=2001

(m+n)(m- n)=3-23"29
m+n | 2001 |29x23| 293 | 233
m-n| 1 3 23 | 29 4 n=1884

Answer: 1384
Solution: 1.5x =10x- axl0" +a
axl0" - a=8.5x
a(10" - 1) :1—27x
2 (10"- )a=x
17
2

£ (999...9)a =
17( )a=x

Snceaisasngledigit (and thus not divisble by 17), 999.--9must be divisble by 17:
2(58823529417647)a = X
1176470588235294a = x

Answer: 176470588235294 b 17 digits

Solution H ) G w y...1...T

Note that from (2) and (4) that he walks 1 mile in 15 minutes so he walks 4 mi./hr. Note there
areinfinitdly many solutions for the distance.

Answer: 4 miles per hour

Solution Note that for rule #1 to work the base must be even. For rule #2 to work its base
must be amultiple of 10. For rule#3towork 12, - b+2=Db- 1+ 3 mus bedivisbleby 3’

which means b - 1 mugt be divisbleby 3. The smdlest base stisfying these conditions is 40.
Answer: 40



12,  Solution: x*+y?+2z° =12x +12y +12z
(x- 6)*+(y- 6)° +(z- 6)* =108

16,16 ,16 ,12 12,12, 8 , 8, 4 . 0
y| 88! 4:12:!12:!0:81:4}4:0
z | 8!41 411201 0!-41-41-410
Answer: 10 solutions
13. Solution Lea=b=1

@*D+c=(1*c)+1
c=1* c=c* 1, thus 1listheidentity for *

Letc=1
(a*b)+1=(b*) +a=b+a
a*b=a+b-1

5% (-3)=5+(-3)-1=1
Answer: |- 3=3

14.  Solution P(X) =x'%- 4x*® +5x +6= (x3 - 2X% - X+ 2)>Q(x) +(ax® + bx +¢)
P())=8=a+b+c
P(-1)=-2=a- b+c
P(2) =16 =4a+2b+c
a=1b=5c=2
Answer: 10

15.  Solution Note that the second hand must make one revolution and part of another. Also note
that the angle of the second hand is the average of that of the minute hand and hour hand.
2p 2p
X+ X
\ 2P, _60°"  60°x2 +2p
60 2

X = m = 60.5466 seconds

1427
86400 + 1427 = 87827
Answer: 87827






