1999 Geometry State Finals
Solutions Manual

1. If n= the number of sides, then
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180n- 360 = 2880
n=18
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4. The path of thetip of the hand isthe same asthe circumference. In 25 minutes, it will
trave % of the drcumference, whichis % 2p(12) = 10p.



5. From each point, n- 1 chords can be drawn (but a chord cannot be drawn from a

point to itself.) There are n points for this to happen, but the tota must be divided by 2,

n%-n

since chord AB isthe same as chord BA. This expression comes out to be

6. For ABC to exist asatriangle, the length of AC cannot exceed the sum of the lengths
of AB and BC, and length of BC cannot exceed the sum of the lengths of AB and AC. So
AC < 31m

AC >11m

11Im<AC <31lm

7.

DADC isaright triangle Snceit isinscribed in asemicirde. If aperpendicular is
dropped from the right angle to the hypotenuse, then the square of its length isthe
product of the 2 ssgmentsit cuts off on the hypotenuse.

(DB)? = ABxBC

DB =+9%16 =12

8. If two smilar objects are given, and if the ratio of corresponding lengthsis acb, then

theratio of corresponding areasis a®:b® and theratio of the volumesis a®:b*. Letthe
pardld base cut off apyramid smdler and smilar to the origind one.

A of Base _ 167

56.25 10?
Aof Base= 144




9. If s= thelength of one side of one of the squares,
(2s)* + & =(AB)* =10°

55> =100
Area of the cross = 6s* =120
10.
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DDPF = DBPE
DDPF @DBPE

let AB = DC = x




12.

A right triangle is made when a segment is drawn to the point of tangency of 2 of the
smdler circles, theradius of acircleis drawn to that same point, and a segment is drawvn
from the center of the big circle to the center of the smdl circle. The angle opposte the
gdeof length r is30° (half the central angle cut off by the dashed lines), so

2r=12-r

r=4

13.

h=L
5

SA=2pr? +2prh
V =pr®h
2pr? +2prh = pr*h

ol
2Ar+9 =1



14.

A B
Pretend the broomstick is as long as AD.
AB=4,BC=5CD=2

AC? = AB® +BC?

AD? = AC? +CD?

= AB® + BC? + CD?

AD = /4% +5% +27 =35

15.




This problem just involves the similarity of the two pairs of trianglesinvolved.
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r =radius of arena
1> =r? +(37.5)°
r?= é =277.78
P
| = /277.78+(37.5)? = 41.0
17. Diagonals of the same rectangle are congruent, so MG =ON =r.




18.

C(-5,-5)

y=-2x-1

slope of AB :%

slopeof BC=-4
Perpendicular bisectors of AB and BC are drawn with equations |abelled. Finding
where lines intersect:

-2x-1=£x-2
4
4
X:_
9
1.4 17
=(=)(=)- 2=- —
y=(G)- 2=-7
x+y—-1—3
9

19. Let 4x = thelength of the external segment
147 = x(x+ 3X)

196 = 4x°

X=7

4x =28
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DBEA = AB- DE

DE = AB - 2DBEA

=180- 2(60)
=60
DBOD =bDOE = bPEOA=60
2 2
Area:Z(p %" 5 x\/§)
4
=4.529
22. V =B*h

To find the area of a hexagon, consider it to be composed of 6 equilateral triangles.
2

B =6 f) = 243

V = (24/3)(5)

=120.3

23

MN cuts off DAMN, whichis :11 the area of DABC. This meansthat MNCB is ;

of DABC, and with the shaded region being % of MNCB,
shaded region _3

DABC 8
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CD =415

OD=0OE= E
2

let x = OH
EH = 2(OH)

.2
X% +(2x)? :g/l—?’g

2
=3

2

A=(EH)?=(2x)? =6
26. V =bh
h=3V2

A lateral edgeisthe hypotenuse of a 45°-45°-90° with one of its legs being the
altitude.

| = /2

=6

27

a_ the lengths of therep - tile
b  thelengths of the origind triangle

Theratio of % in this problem can only take on integer values. % =1 can't be used to
make alarger triangle, but insteed, it implies that just the origind triangle will be used.

The next posshility is % = 2, and then theratio of the areas of the triangles becomes



a -4 , and this means 4 copies of the origind triangle must be used. The diagram

2
b 2
above shows how the 4 triangles can be arranged, which confirms the solution.

28. Instribe arhombusin arectangle.  1tslength and width will bex and y. The area of
the rectangleisxy. By drawing the diagonds of the rhombus asit isinscribed in the

rectangle, it is easy to see that the rhobmusis half the area of the rectangle, or x_2y .

29. Given atriangle of any length sidesa,b, and c, let s(semiperimeter) =

at+tb+c
>
Heron's Formula states that the area of atriangleisfound by

A=.9(s- a)(s- b)(s- ©
S0A=140x4 = 614

30.

10,000 mi

15,000 mi

From the point that isx mi away from the samllest planet, 2 lines extend through the
endpoints of the diameters of al of the panets. This cregts alarge triangle, and the
diagmeters of the smaller 2 planets cut off and create smaller triangles smilar to the big
one. With corresponding parts of similar triangles being smilar, proportions can be used
to find x, and thend.



X _ x=10,000
3000 3,000
X = 6,000
6,000 _ 6,000+ 10,000+ 15,000
3000 d
d = 15,500

31. Theareaof atriangle can be expressed as A= % , Where R=the circum-

radius. Since the triangle isisoceles, the median to the side of length 12 isalso an
atitude. Thealtitudeis of length 8, so the areais 48.
48 = 10x10x12
4R
R=6.25

32

folded

not folded

The above diagram assumes the atitude from A is 10, but the length is not important.
2
However, since the ratio of the area of trianglesis % when their lengths arein ratio

6
%, the length from A to BC should be+/0.36 = 0 of thelength fromA toFG. Also,
since the length from BC to DE isthe same as from DE to FG (asin folded diagram),
those lengths should both be % of the original altitude. FG =12, and DE isthe

crease, so the similar triangles show DE = 9.6.



33. Theonly way to draw two unequal diagonalsin aregular hexagon isto draw a
30°-60°-90° right triangle, with the diagonals being the sides oppose the 60° and 90°
angles. Let k = length of one side of the hexagon.

k %k+/3
A of right triangle _ 2

2
A of hexagon 5K J3 3

34. B

C and F arethe centers of thecircles, and BF isaradius of circle F. CD isdrawn so
that CD~ BF, making ABDC arectangle. AB=CD =3, DF =6, and

AB = CD =+/CF? - DF? = 6/3.

\Y/ .
35. \Tb = (%)3 = 8. (see question 8)

a

36. Judtlike the area of atrapezoid being h @ , the volume of this cylinder is

cdculated as h xhl%hz (To undergtand why, imagine dicing the cylinder 15 cm from

the base. Take the diced off solid and rotate it 180° about its only straight edge. Now a
“normad” right circular cylinder isformed with an equa volume to the origind cylinder,
and the new cylinder’ sheight is just the average of the origind one's maximum and
minimum heights)



12+18
2

37. Draw aright circular cone whose base is the cross-section and whose dant height isr

V =4°p( ) = 240p

and dtitudeisk. Theradius of thebaseis +/r* - k® b the Pythagorean Theorem, o its
aeais

A=p(r?- k?)? =p(r*- k)

38

38. The area of the shape is the same as the area left when the areas of non-included
triangles are subtracted from the area of the circumscribed rectangle.
A=160- 28- 6- 24- 24=178.
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BCGF isthe original trapezoid.
BC=7, FG=13
With two unknowns, x and d, x needs to be solved for in terms of d.

X _ x+3d
7 13
x:Zd
2
Now to find an expression for DE
n, 74
2 -2
DE 7
DE=11
Solving for d
13 11
(13)(—d) (@A1)(—d)
16=—2 . 2
2 2
_4
3
11 7
(11)(30') (7)(50')
A= - =24
2 2

This not offered, the correct choice is none of these (E).
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Two relationships between R and r are needed to solve for either variable.
EG=2R

EG=EF +FG=8+2r

2R=8+2r

R=r+4

Drawing the radius from the center of the smaller circleto point A reveds
(R-r)*+((R-6)*=r?

Now we have the two equations. Substituting what we have from the first equation,
(@? +(r- 2 =r"

r=>5

R=r+4=9

R+r =14



