NC STATE MATHEMATICS CONTEST BAPRIL 2008
PART |: 20MULTIPLE CHOICE PROBLEMS

1. If Adam had three more quaters, hewoud have twice as many quaters as Barbara. If Barbara
had six more quaters, shewould have three times as many quaters as Adam. If Adam and
Barbaraputall of thar quaterstogeher, how many quaters would they have?

2. If 0<a<b, howmany rea solutions x, doestheequation / |x" a|=2|x" b| have?

al b) 2 c3 d)4 €) Theequaionhasnorea solutions

4. Letabeafixedrea numbe tha isgreater than 1. How many real numbers b are there such that
theequaion a* +a* =b hasauniguereal solutionx ?

a) Thereare nosuch values of b. b) Thereis exactly onesuch valueof b.
¢) Thereis more than onebutfinitely many such values of b.

d) There are infinitely many such values of 4.

€) Thenumbe of such values of b dependsonthevaueof a.

+ 1
5. Fornonzeroc, let f.(t) = YR fort" =. Letbetheset of nonzero real numbers, ¢, such
ct! c

tha f,(f,(t))=t foralt! % Which of thefollowing statements aboutthe set / is correct?

a) I containsnoreal nunbers. b) I containsexactly onerea number.
c¢) I containsmore than ong but finitely many real nunbers.

d) I containsinfinitely many, butnotall, non-zero real numbers.

€) I containsall non-zero real numbes.

6. How many distind intersectionsdo thetwo polar curves r = L andr = _r have
cos(! ) cos(/ " #/4)
in thexy-plane?
a0 b) exactly 1 C) exactly 2 d) exactly 3 €) morethan 3
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7. Two coinsare removed at randomand withoutreplacement from abox tha contains 3 nickels, 2
dimesand 1 coin whose valueis0. What isthe probability that thevalue of oneof thetwo
removed coinsisfive cents more than the value of the other removed coin?

8. In atwo-peson chesstoumament, the contestants play atotal of 21 games. Thewinne of a
gameisawarded 1 point and theloser isawarded O points. If agame endsin atie, both players
are awarded 1/2 point. If Contestant | won 4 more games than her oppon@t, how many points,
altogether, were awarded to Contestant | ?

a) 252 b) 12 c) 232 d) 11
€) Theanswer cannotbe determined uniqudy fromthegiven information.

9. Adisk, D, isinzribed in asquae, S, with edgelength 2. Thefour points of contact between
thecircle and thesquare form the vertices of asmaller square T. Two points are chosen at
randomand indgpendently fromS. A pointin T earns8 dollars, apointin D butnotin T earns
9 dollars, andapointin Sbutnotin D earns10dollars. Wha isthe probability tha thetwo
chosen pointswill earn atotal of eighteen dollars?

10. Given the points O(0, 0), A(0, 1), and B(1, 1) in thexyEplane, suppose tha points C(x, 1) and
D(1, y) are chosen such that 0 < x < 1 and such tha points O, C, and D arecollinear. If x has
also been chosen such tha the sum of the areas of triangles OAC and BCD isas small as
possible then

a)x=172.

b) x isarationd numbe greater than 1/2 and less than or equd to 2/3.
C) x isanirrationd nunber between 1/2 and 2/3.

d) x isarationd number greater than 2/3 and less than or equd to 1.
€) x isan irrationd nunmber between 2/3 and 1.

11. A palindrome ontheaphaet {H, T} isasequence of H® and T@ which readsthe same from
left to rightasfromrightto left. Thus HTH, HTTH, HTHTH and HTHHTH are pdindromes of
lengths 3, 4, 5 and 6 respectively. Let P(n) denote the numbe of length n pdindromes onthe
alphabet {H,T}. For how many values of nis 1000 < P(n) < 10,000?

a) 4 b) 5 0) 6 d)7 68
12.Letn = 77553311in base 16, i.e.n = 7(16") + 7(16°) + 5(16°) +! +3(162) +1(16) +1(1). Let

S betheset of distind base 16 numbers that are obtained by rearranging the digitsin n. How
many x in S have thepropaty tha n! x isdivisible by ten? [For example, if x = 75753311in
base 16,then n— x isdivisible by 10 since its base 10 representation endsin 0]

a) 630 b) 1260 c) 2520 d) 20,160 €) 40,320
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13.Thesymbolsaq, b, ¢, d, e, frepresenttheintegers 1, 2, 3,4, 5, 6 in some order. How many
orderingsof theintegersfrom 1 through6 satisfy both of thefollowing equaions?

a+b+c+d=e+2f and2a+b=2d+c

a0 b) 1 Q)2 d) 3 e 4

ab
14. Theentriesin thetwo-by-two determinant ‘c d‘ are integes tha are chosen randomnly and

independently, and, for each entry, the probability that theentry isoddisp. If theprobability
tha thevalueof thedeterminantis evenis 1/2, what isthevaueof p ?

a) 1/3 b) 1/2 c) 2/3 d) v/2/2 €) Noneof @) throughd) is correct.

15.Given aunit cube let T bethe set of all triangles whose vertices are also vertices of thecube
How many non-congruent triangles are contained in 7' ?

a 2 b) 3 c4 d)5 €) Morethan 5

16. How many four-digit integers, n, have the property tha thevalue of 3n isthefour-digit integer
obtained by writing the digits of n in reverse order?

a0 b) 1 c) 2 d)4 €) Morethan 4

17.0nesdeof apaalelogram has length 3, and another side haslength 4. Let a and b denote the
lengths of thediagonds of the parallelogram. Which of thefollowing quantities can be
determined from the given information?

(I)'a+b1(1)1a+b? (11 )1a + b®

a) Only (I) b) Only (11) c) Only (I11)
d) Only (1) and (11) €) Noneof thethree

18. Alice has a coin tha landsheadswith probability 1/3 and Bill has a coin tha landsheadswith
probability 1/4. Alice and Bill use these coinsto play a game tha conssts of successive rounds
In each round theplayerstossther coinssmultaneoudy. If they both obtain a head, the game
isdeclared to beatie andthegameisove. If exactly oneof thetwo obtainsa head, tha player
isdeclared to bethewinne andthegameisover. If nather obtainsahead, they play another
round. What istheprobability tha thegame endsin atie?

a) 1/16 b) 1/12 c) 1/6 d) 5/12 e) 7/12
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19. Thepair of twobdigit numbes 12 and 63 have theinteresting propaty that if the produd
expression12! 63isread inreverse order 36! 21, thetwo produd expressionsare equd, i.e.
12! 63=36! 21.How many pairs of two-digit numbers with this propety are there in which
oneof thenunbersin the par is greater than 20 and less than 30, and the units digit of the other
number inthepar isan oddprime? [NOTE: 1isnotaprime.]

a3 b) 4 5 d)6 €) More than 6

20.For n > 4, let M denote theminimumof C(a,2) +C(b,2) wheea+b=nand 2! a! n" 2.
[Here C(x,y) denotes the number of waysto choo® y objects from x objects.] Consder the
following statements:

() Misapefect squae whenever nisodd.

(I M isNOT apefect squae whenever n is even.

(111 Novalueof M is prime.

Which of (1), (1) and (I11) are true?
a) Nonearetrue b) Only (1) istrue c) Only (1) istrue
d) Only (1) and (I1) are true €) All three aretrue

PART Il: 10INTEGER ANSWER PROBLEM S

1. Suppo® tha ninemen, mowing at equd rates, can mow the grass on a three-acre lot in two
hours. How long in minutes (to the nearest minute), would it take two of these men to mow
thegrass ona quater-acre lot?

2. If thecomplex numbers x andy satisfy x*! y* =98 andx! y=7i, then xy=a+bi wheea
and b arerea numbeas. Wha isthevaueof a+b ?

3. Congder thenonconvex qualrilateral ABCD in the xy-plane, where A = (0,6), B =(10)0),
C =(16,20) and D =(8,6). Wha isthearea of ABCD, expressed to the nearest integer?

4. If aman rides his bike from hometo work at a constant rate of 15 miles per hour, hewill arrive
at work onehourearlier than if he had walked to work at a condant rate of 3 miles pe hou.
Wha is the distance from the man(3 home to work, expressed in fegt, to the nearest foot?
[NOTE: There are 5280feet inamile]

5. How many ordered pars of integers (i, j) with1! i < j ! 12 arethere such tha the greatest
commondivisorof 2'! 1and2' ! 1 isone?
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6. A spheeisinsribed in aregular tetrahedronwith edgelength 2. Thusthe spheaeistangentto
each of thefour faces of thetetrahedron. Let P and Q betwo of the points of tangency. If dis

the distance between P and Q and d* = m/n where m and n are postive integers with greatest
commondivisor 1, what isthevalueof m + n ?

7. How many postive integers less than or equd to 2008 can bewritten in theform n*! m* where
1! m<n areintegers?

8. Six isthesmalest postiveinteger tha isthe area of atriangle whose edgelengthsare
consecutive postiveintegers. If Sistheset of al postiveintegers, n, such tha n istheareaof a
triangle who edgelengthsare consecutive postive integers, wha isthesmallest integer in S
tha is greater than six?

9. At GBeniusU.Othere are 100male and 100female physcs majors. Of these, 60 men and 40
women have signed up for Professor Faraday( course in quantum mechanics. Professor Faraday
also offers a second Onvitation onlyOclass in spaceEtime anomalies for physcs majors. The
number of men and thenumbe of women in the spaceEtime anomalies course mug be equd,
and the nunmber of students who bdongto only ore of his two classes mug beas small as
possible. Assuming that these conditionsare satisfied, how many different class sizes are
possible for Professor Faraday® spacebEtime anonelies class?

10. An andog clock is manufactured with an hourhand and a minute hand that are indistinguishable
from oneanother. (Thereis no second hand ontheclodk.) At some point in time beween noon
and midnight, a phoograph of the clock face isto betaken. At howmany such times will it be
impossible to discern thetime the phobgraph was taken from theimage of theclock face?
(Assume that the postion of the clock@ handscan be determined with complete accuracy.)

The following problem, which extends Integer Answer Problem #5, will be used only as part of a
tie-breaking procedure. Do not work on it until you have completed the rest of the test.

TIE BREAKER PROBLEM

How many ordered pairs of integers (i,j) withl! i <j! 27 aretheresuch tha the greatest
commondivisorof 2'! 1and2' ! 1 isone?
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