State Mathematics Algebrall Contest
May 3, 2001
Solutions

LW+L W +1=84

LW-L -W +1=48
Subtracting these last two equations yields 2L + 2W =36, so we could go on and solve
for L and W, however, we are looking for the perimeter, so we are done.

1 (© (L+D)W +D) =84 and (L- )(W - 1) =48 soweget

2. (e Theterms of the sequence, dl intermsof w and x are
s W X, W X, W+ 2X, 2w+ 3X, 3w+ 5X, -+, Thus 2w+3x =0 and 3w+5x =1. Solving

this sysem of equationsgives w=- 3,x =2, sothetermsare ---,- 3,2,- 1,101, ---,
making the quantity 2(w+ X+ y+2)=2(-3+2- 1+1)=- 2.

27 2(2%) [ [29(1-27) 3 3
5

2(2X+3) = 2><+4 = 2x+4 :\/ﬂ: Z:

4, (b) The only case not to be consdered isif both are tails, and this occurs with
probability of (0.75)(0.40) = 0.30. Thustherewill be at least one head 70% of the time.

5. @ If three of the zeros are 2,1+i, 3- i, and the coefficients are red, then the

conjugeates of the imaginary roots must dso be zeros. Thus the minimum degree of the
polynomid will be five

6. (d) With the three points (0,-1), (1,4) and (2,13), we could find al of the
coefficients of the quadratic, however, snce we are looking for the sum of the

coefficients, we can plug (1,4) into y = ax* +bx+c andget 4 =ax®+ bx+c.

7. (d) 8 =96 p QIO — 2996 Ny with the bases the same
we know that the exponents must be the same, so 3(6x° +4x) = 2(9x* - 9x+6). This

smplifiesto 30x =12 of x:%.

) . d 3d
8. b Looking at the amount of gr uice weget d x—+ x=(d + x)—,
(b) g grape | get d > ( )100

where x isthe amount of pure grape juice to be added. Thisamplifiesto
2d?

d? +100x =3d? +3dx. Solvingfor x weget x = .
" o 100- 3d

9. (© The following sequence of graphs gives a progression that leads directly to
the answer.
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10. (¢ gx:(7+9+5+3)b x= 36

11. () h(x+1)= M

the one beforeiit. Soh(l)—-%,h(Z)— / /3 }/ and h(3) = / / 2.

12. (@  Factoring, weget X* +3xy +2y* =40U (x+y)(x+2y)=40, but since
x+y =5, weknow that (x+2y) =8 and 2x+ 4y =16.

=h(x) +§ 30 each term isjugt four-thirds greater than

13. (b For the triangle to be

equilaterd, the Sdes mugt dl have the same . (-8,5) cC/
length, 0 BC = AC, or 2a=/a% +11 . B (a,5)
Solving for awe get a:%, so the dope

of SdeACis m:i:\/é.

YAE

14 @ y=y-1p (y) =(y>-1) =(y*- 9 - 1=y~ 22

A Y(0,-6)

15. @ Thefollowing Venn diagram

satisfies the given conditions. The shaded region B
isoutsde of A but within B and also outside of C.

Thisisthe desred region.

16. (9  41+1>33<- ((B)+((>234))= ﬂ
41+31- 37+((19)) =35+23=58. 10

17.  (d) Let g(x)=h(x)- 7, where h(x) =ax’ +bx® +cx. Noticethat h(x) isodd,
0 h(5) =- h(-5) =-12. Thus g(5) = h(5)- 7=-12- 7=-19.



18.

19.

20.

21.

(d) One extreme for the shortest dtitude will occur when the two
shortest dtitudes are both 12, in an isosceles triangle. The other extreme
occursin afigure Smilar to theonebelow.  From smilar triangles

O
ABMA=ACOA that 12 :ﬁb AO= H. Also from smilar
x AO 2
trianglesaBMC =a ANC , we know that 12 h P h _Law . Butwe
X+u w x+u

12w 12u 12u
= < <

knamthatu>wand£<u,soh . Smplifying
2 X+u Xx+u Zu+u

i ) = 10%. Thus 12 £ x <10Z, and the only

3y
11
digtinct integer length for the shortest dtitude is 11.

thiswe have h <

(© Let M and N be the two numbers. The problem states that M must
be atwo digit number, but does not indicate the N, the number formed

when the digits are reversed, a'so must be atwo digit number. So, let

M =10a+b,whee 0<af£9 and O£b£9. Then N =10b+a, and the
difference M - N = (10a+b)- (10b+a)=9(a- b). Now for M- Ntobea
perfect cube, a - b must be amultiple of 3, so we have, for M, 96, 85, 74,

63, 52, 41, and 30.

(e Wefind that sde AC and AB both have length 5, so the angle-
bisactor is dso the median, passing through A(1,-2) and the midpoint
(3/2,3/2), of sde BC. This makesthe dope 7 and the equation
y=7(x-1)- 2=7x- 9.

(b) To find the inverse, exchange the x and the y and solve.

3y-5 X+5
P 2xy+x=3y-5b (2x-3y=-%x-5,0 y= ,

2y+1 Y Y ( )y y -2X+3

making the product 5x(- 2)x3=- 30.

X=




22.

23.

24,

25.

26.

27.

28.

29.

@ Rearrange the terms so that

24,130=2X10° +4X0 +1x40*+340°. Nowb=4,d=3,a=2,andc=

1mak|ng E+ b+ C+£_g £+_1+3 23
2 4 8 16 2 4 8 16 16

(e  Setting 11x+ 3x* =11x*- 3xb 8x° - 14x=0P x:O%. Since
we are told that x is greater than zero, we accept only the 7/4.

(@ (a+b)=3pb (a+b)*=9,s0 a’+2ab+b*=9, but weareaso
toldthat @ +b”* =6, so 2ab=3. 3’ =(a+b)® =a’ +3a’b +3ab* +b*, 0
27 =a’+3a’b+3ab’ + b’ =a’ + b’ +3ab(a+b), and

a®+b® =27- Zab(a+b) =27- 3?20(3)=2—27.
(%)

Iog2 2" 3 X

C log, (8%2*) =log,8+I0 2*-
© g,(8%2%) =log, d., 2 l0g, 4 22

(b) X>4- U x- 4+ >0. Now smplify the last inequdity
X+4 X+4
- 2_ -
to (X 4)()(-|-4)-|r7>0,0r X—9>0. Now factor. w>
(x+4) (x+4 (x+4)

From here we see that on the interva [-5,15], the expression on the left is
positive on theintervas (-4,-3) and (3,15). This represents 13/20ths of the
entireinterval, or 65%.

x-y|_43_3

11
Xy 8 2

@ xy4«/'andxy880‘
x y|

(e  Thediscriminant of ax® + 2bx+c =0 is 4b* - 4ac, which factors

as 4(b2 - ac). If thisis zero, then b* =ac, or b :E , making b the
a
geometric mean between aand c.

"€ _20 e- e*=4. Nowlet w=e* and rewritethe

@

expressonas w+w'=4U w?- 4w- 1= 0, and solve for w.

4+J_

=2++/5. Since w=¢* , it must be positive, 0 € =2+4/5

meking x=|n(2+«f).

w=




30.

31.

32.

33.

@ If you expand the expression ($/Z+£’/§- 2) (a3 4+b§/§+c) =20,

youget 2° (c+b- 2a)+2°(c+2a- 2b) +2(a+b- ¢)=20. Sincewe

know that a, b, and c are integers, the first two terms must be zero, and the
find term, 2(a+b- ¢) must equa 20, 0 a+b- ¢=10. Note You can

solvefor g b, and ¢, getting (a,b,c) =(6,8,4) , but there is no need to
since the problem asksfor a+b- c.

(e If we write the fractionsin order as

() (¥ %)+ (¥ 24+ 94)++(Hoo* Ao+ ioo) - ve
setha thissum is (}é)+ (%)+(%)+ (105) +(1%)+,,_+§é°(2”;9100%

using the formulafor the sum of n-consecutive integers

1+2+3+~-+n:m. If you now factor one-hdf from each term you
1 15994006
get—(1+2+3+4+---+99)=—a@—+=2475.
2 28 2 3

() Sinceweknow that the areais a® +b? - ¢, we know that ¢ cannot
be the hypotenuse, it must beaor b. We know from the question that aiis

the hypotenuse. Now we know that b® + ¢ = a® and that the areaiis %bc,

so%bc:a2+b2- c¢’b %bc:sz dnce a*- c*=b?, Thus§:4.

(@  Lettbetime sowearetold that 2(1- t)=1(1- 1t). Thus

2-2=1- L0122 1= 24 50t=22=38 hours
5 7 5 7 35 9

(b) Since the remainder is a constant, P(x) must be quadratic. Look
first a the Smple quadratic P(X) = x* +bx+c. Since x+1 yiddsthe
remainder of -5 when divided into P(x), we know that
P(-1)=1-b+c=-5. Wedso know that P(5) = 25+5b+c=7. Solving
forbandcweget b=-2 and c=8. Now the product x*- 4x- 5 divides
into P(x) =x*- 2x- 8 onetimewith aremainder of 2x- 3. Note: If you
use a more complicated quadratic for P(x), so P(X) = ax® +bx+c, you

find that any a will work, andwith b=2- 4a and c=- 3- 5a, the

product x* - 4x- 5 dividesinto P(x) atimes with the same remainder.



35.

36.

37.

38.

39.

40.

@ Complete the squares to find the center of the circle.
X2 - BX+9+y? - 4y+4=-11+9+4=2, 50 (x- 3) +(y -2)° =2,

putting the center at (3,2). ThISpOII’I'[IS\/3 0)°+(2- 0)° =+/13 from
the origin.

@ Iogz(a3b):x0 3log,a+log,b=x.

log, ?%g: yU log, 3+log,a- log, b=y . Adding theselast two

expronsgiveus 4log, a+log, 3= x+y. Solvingfor log, a yidds
ty 1 Xty

log, =—=- =log, 3=—=- log, /3.

9: == 719 2 g, 4/3

2x+3y=A . 2x+3y=A
(© =g =Ry y=2B- A. But
X+2y=B 2x+ 4y= 2B

x=B-2yb x=B- 2(2B- A) =2A- 3B.

(d) When you expand (a+b)® you get anine terms, each with some
coefficient and aand b raised to powers from O to 8. Plugging 1 in for
both a.and b would then give you the sum of the coefficients, to go ahead

and plug 1 in a the beginning, getting (1+1)8 = 2°=256.

(d) To find the inverse, exchange the x and y and solvefor y. Thus

y+ _ ~ _ ~ X+l .
x——U Xxy- x=y+1U xy- y=x+1U y=——. Fromthiswe see
y-1 x-1
that the function isitsown inverse. If we had graphed it, and noticed the
symmetry about the liney = x, we could have drawn the same conclusion.

e 1+1
Thus flael0 faelq___x+1 Setting this equa to 3, we have
Sx@ 1-1 x-1
x+1
=30 x+1=3(x-) P 2x=4,s0 x=
x-l
(© et the y-intercept by (0,k) and the x-intercept (p,0). Then
%zj—o (k- 3)( p- 4) =12. The positiveinteger fectors of 12 are
-4 4-p

p- 4:1,2,3,4,6,12p p=>5,6,7,8,10,16
1,2,34,6,and 12,50 k- 3=12,6,4,3,2,1 k=15,9,7,6,5,4 . Of

these, only p=5,7 areprime.



