State Mathematics Contest: Geometry
May 3, 2001
Solutions
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(b) In an equilaterd triangle, the centroid, aswell as
the incenter and circumcenter, is located two-thirds of
the distance from the vertex to the opposite Ssde. Then

(22 =R +F b 3¢ =9b x=4/3. Thismekesthe 2 2x
area 1(2/3)3=343. ¢
(b) Placing the runners on a number line, we see X
that there isa gpread of 20 seconds from first to lat,

that Jo was at the end, Sam in second 19 second ahead

of Jo and one second behind Chris, the winner. Pat then wasin third 12 seconds
behind Sam.

(d)  Inthefigure weseethat CE = DE =3y/2. Also
FD = BC+CE =12+3+/2 and AF =5- 342 . Thusthe distance we wart,

AD =+ AF 2 + FD? :J(12 +3J§)2 +(5- 3\/5)2 »16.26
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€) Points on both circles must satisfy both equations, so both (1)

(x-D%+ (y+2*=9 and (2) (x+3)*+ (y-1)? =16. Squaring both, and
Subtracting gives (x2 +6X+9+ y*- 2y+1)- (x2 - 2x+1+ yP +4y+ 4): 16- 9, or
amply 8x- 6y=2p 4x- 3y=1

(d) The new length and width are 400 + 2w and 300 + 2w, so the new areais
(400+2w)(300+ 2w)=2(400)(300) b

120000+ 1400w+ 4w* = 240000 b
w* +350w- 30000 =0p

- - 2_ -
e 350+4( 3502) 4(-30000) . .,

(© A good guess, since the hypotenuse is 13, would be the 5-12-13 right
triangle. The areaiisindeed 30 and the perimeter is 30. If you did not guessthis,




10.

11.

12.

you could use the equations a’ + b* =13* =169 and 1ab=30pP 2ab=120.
Adding and subtracting the second equation from the first gives

a’+2ab+b® =169+120 =289 and a° - 2ab+b* =169- 120=49. Thus
(a+b)*=289pb a+b=17and (a- b)’=49P a- b=7. Theselast twoimply
thata=12and b =5.

€) The smplest way
to find thisisto put a (0,9) (12.9) 2 (14,9)

rectangle around the given

triangle and then subtract 3

off the areas of the right (14,6)
triangles that surround it. 9 ’

(SeeFigure) Theareaof
the entire rectangle is 126,
but after subtracting the
aress of the 3right (0,0) 14 (14,0)
triangles, whose areas are

54, 3, and 42, we are left with an area of 27.

6

(e We want the two angles, from vertica or the 12 on the clock, going
clockwise, to be equd for both hands. The minute hands starts at an angle of zero
and rotates at 1/60 revolutions per minute. The hour hand, which begins at /4™
of arevolution, moves at 1/720 revolutions per minute. (It takes 12 hourstimes
60 minutes to make one complete revolution.) Setting these equa we have

St=3+-5tP 12 =180+th 11t =180P t=16.36.

720

@ Let the Sdes have length x and 4.5. Then we have 4.5x = 2(2x+9), so
0.5x=18p x=36.

(b) The circumference of thecanus @ = 2pr , sotheradiusis r :%. This
dde of the square pi ece isthe same as the circumference. The volumeis
p c?

\Y} :przh:pg— (pc)

@ By the power of apoint formula, we l
know that x> =1.2%.5=9pP x=3 '

(d) The area of arectangle is base times
height. In the figure we see that the baseis
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J2+1 aﬁdtheheightisg,sotheareais A= Bh:(ﬁ+1)g:2+2\/§
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© Z+y<7b 0<z<7and0<y<7. x+z>10and0<z<7b x3 3.
x33p y3 3. y33and0<y<7b y=3,45,6.

(e In the figure we see
that the area of the shaded
regionis x(a+b). Thearea X
of the entire triangleis
1(2x)(2a+2b) = 2x(a+b).Si a b
nce the area of the shaded
region is one-haf the area of
the entire triangle, the retio of
the shaded region to the a a b b
unshaded regionis 1:1.

(© The three configurations are shown here. In each case the area must be
the sum of the two areas, sSince thereis no overlap. The other Satements are fase,
depending on the arrangement.

/

€) The center of the circumscribed circle must be the same distance from
each vertex. The perpendicular-bisector of one sde is equidistant from two
vertices, 0 the point of intersection of two perpendicular-bisectorsis equidistant
fromdl 3 vertices.
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(e The segments joining the centers will be formed by the radii, so the Sdes
of thetriangle are 3, 4, and 5 unitslong, making it a 3-4-5 right triangle with are
6.

(e The are 2 ways to get to point B, so we can start at B and then double our
answer. A tree diagram showsthere are 8 waysto get from B to S without
vigting any point twice.

(© Theradiusis 7, 0 the circumferenceis 14p . Dividethisby 5to get 2.8
for thearc length.

(b) The perimeteris2a+2b = pb a+ bzg. Squaring we have
2 2
(a+b)’ =20y 224 2ah+b2 =P Butthediagond c? =a? +b?, 0
&2 4
p? p? - 4c?
subtracting we get 2ab:7- ¢ bab= g

(d) The volume of the origind solid is 200 cubic units. When two Sdes are
doubled, the volume goesto 800. The origina surface areas was
2>5° +4X58) = 210. The new surface areawill be 2X10% + 4(10>8) = 520. The

ratio of the volumesis @ = 2 = 2E )
210 21 21

(b) In the figure we see that triangle
MBN issmilar to triangle ORN, so

BM_OR, 3_75, py=s,

BN RN 2 RN
Similarly, triangle NQO issmilar to
triangle PDO, so

Q0 DO 5 DO
Thus the length of the rectangle is 10.6.




23. (0 Draw in

diagond AC and

look at triangle

APC. Thelength > 2
of ACis 24/2, 0 7

that makestriangle

APC an isosceles
right triangle and A \E \E C

the dtitudeis J_

24. (3a) The old areawas 9wW* and the perimeter was 20w. The new areawill be
18w’. The perimeter stays the same so the new length and width, L and W are
suchthat L =10w- W, and (10w- W)W =18w*. Thisisquadraticin W, so

10w++/100wW° - 72w

W2 - 10WW - 18W* =0b W = — > . Thissmplifiesto
:(51\/7) p L=(5$\/7). Taking the length to be the longer side, the ratio is

5++/7

5- 7

25. (¢ Each of the five gatementsinvolves only three satements. We will cdl
these C for the Car islocked, T for the Tickers are stolen, and W for the wallet is
dolen. A truth table of al 8 posshilitiesis shown here:

C T W ~C | ~C®W ~T WN~T | T® (~-C® W)
T T T F T F F T
T T F F T F F T
T F T F T T T T
T F F F T T F T
F T T T T F F F
F T F T F F F T
F F T T T T T T
F F F T F T F T
Chrisand Dan Ed Bo
Ann

Since we are told that exactly one of the statements is fase and the rest true, thisonly
happens in row 4, where Ed makes the fase statement and the others make true ones.

26. (d) Opposite angles in an inscribed quadrilaterad must be supplementary, since
the arcs they subtend form the entire circle. Thus the measure of the angle at vertex C
must be 144 degrees.



27. (e The surface areato paint is 2(820) + 2(8xX14) - 2(3%7) - 4(6>6) =382.
Since we need two coats, we need enough paint to cover 764 sq feet, or 1.91 gdlons.

28. (d) In the figure we see the
dopes and lengths of the Sdes of this
triangle. Since two of the dopes are m=2/3
negetive reciprocas, and since the converse

of the Pythagorean theorem applies, we do (0,2)
have an isoscelesright triangle. (10,0

(6,6)
m=-3/2

29.  (d) Thefour possblefiguresare /

shown here. Note that the problem does 226

not say that one of the angles of the quadrilaterd hasto be aright angle, only that two of
the Sdes meet & arigh angle. The alows the one concave polygon.

5 8

5 8 |5 5

30. (© The ddes of the new triangle will be 8, 10 and 12. Thus the perimeter is
30 and the semiperimeter is 15. Using Heron's Formula, the arealis

J3(s- a)(s- b)(s- § =157 %6 8 =157 .

(n- 2)180

3. (¢ Each angle of aregular n-sded polygon is , 0inthiscaseeach

(12- 2)180 _

angleis 150.

32. (0 Since each of thetriangles are
smilar, ratios of corresponding Sdes leads usto

condudethat x° =6, s0 x=6%. Theareasof

thetrianglesare 14 % >sin(60°) and

1x°xx°>sin(60°) , o theratio is of their areasis

%xﬂ-sin(GO) =310 = (6%3)10 — 6% _ X
2 xsin(60)

33. (¢ The cube can be flattened to look
like the figure, showing that G is on the opposite Sde of the
block from A.
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34. (¢ Theradius of thelargest circleis %b while the radii of the two smaller

.2 .2 "26
circlesare a and E. Thusthe area of the shaded regionis p_a%@LbS - @2 - @9 .

2 2 2%8 2 5 &2p 32(/);@
p &’ +2ab+b*- a’- b’6_pab

Thissmplifiesto —
P 2¢& 4 s 4

35 @ If the diameter of the whed is 70cm, the circumferenceis 70pcm .
Dividing thisinto 120km»1000-%-X100<2 = 120000000cm yields about 54567.4
revolutions. Thisis pretty closeto choice a

36. (b) The volume of aregular solid is proportiona to one edge cubed. The
surface areais proportiona to the side squared, so the surface arealis proportiona to the
volume raised to the two-thirds power, SA = kv% . If the volume is doubled, the new
surfece areawill be (V)% = 2575

37. (@ As shown in the figure, the midpoint of the diameter becomes the vertex
of the cone and points A and B meet on the circumference of the base of the cone. The
radius OA becomes the dant height

of the cone and the half-

O
circumference of the semicircle
becomes the circumference of the
cone. So 6p =2pr , whereristhe
radius of the cone. Theradiusis >
then 3, the dant height 6, o the A 0 B AB

dtitudeis V6% - 3 =~/27 =3V/3.

Thus the volume of the coneis IOErzh :|%><32 B3 = P+/3.

/" B12\ A
5]
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13|¢
38. (d) _ Through the center of the circle O, drop the
perpendicular to the tangent line. Thiswill have length 18, and will include the radius of
length 13 and segment OB of length 5. By the Pythagorean theorem, AB = 12 and the
chord has length 24, since the segment perpendicular to the chord aso bisectsiit.




39. (¢ Theorigind diagond

AC has length V172 +13 =+/290. Thenew 13 C =

diagondl, AE haslength 1.5v/290 , so the B
new sde of the rectangle has length 11

\/(1.5\/290)2 - 112 =+/531.50 » 23.054.

Thusthe new areais gpproximately A D F
11x23.054 = 253.597.

40. (b Firg, saverd smplifying assumptions need to be made. First, we need to
assume that the 15 milesisto the center of the mountain, the point directly below the
peak. Next we need to decide whether the mountain is 15 miles from the lamp or Nikki.
(It isnot clear from the problem statement.) Let's assumeit isfrom thelamp. Then,

10__ h o 210456280 _ 5168 Choicebis
250 155280

using smilar triangles, we have

the only one even close.
If we assume that the mountain is 15 miles from where Nikki is standing we get

10 _ h b h=1QU50280+250) _ 5106 s equals choice b,
250 1556280+ 250 250
Ve

1 15(5280)




