
Calculus III Exam Review Solutions        June 2008 
 

1. a.  Using a trig identity: 2

0 0

1 1cos cos(2 )
2 2

xdx x dx
π π ⎛ ⎞= +⎜ ⎟

⎝ ⎠∫ ∫
0

1 1sin(2 )
4 2 2

x x
π π⎤= + =⎥⎦

 

 OR 
 Using integration by parts:  

 
cos cos

sin sin

dvu x x
dx

du x v x
dx

= =

= − =
      

 

( )2 2 2

0 0
0 0 0

2

0 0
0 0

2

0
0

cos cos sin sin cos sin 1 cos

2 cos cos sin cos sin

cos sincos
2 2

xdx x x xdx x x x dx

xdx x x dx x x x

x x xxdx

π π ππ π

π ππ π

π π π

= + = + −

= + = +

+
= =

∫ ∫ ∫

∫ ∫

∫

 

 

 b.  1x kxdx+∫                                                   

          u x=     
1
2(1 )dv kx

dx
= +                                       

          1du
dx

=   

3
21 2(1 )

3
kxv

k
+

=                                  

        So 1x kxdx+ =∫      

3 3
2 22 2(1 ) (1 )

3 3
x kx kx dx

k k
+ − + =∫

5
3 2
22 2 1 (1 )(1 ) 53 3

2

kxx kx C
k k k

+
+ − +      

        
3 5
2 2

2

2 4(1 ) (1 )
3 15

x kx kx C
k k

= + − + +     
                

 c.  
1

20

1For , use partial fraction decomp:
4

dx
x −∫  

  

( )( )2

1 11 1 4 4
20 0

1

0

1 1
4 2 2 2 2

Solve to get:
1 1A= ,
4 4
1

4 2 2
1 1ln 2 ln 2
4 4

1 ln 3
4

A B
x x x x x

B

dx dx
x x x

x x

= = +
− − + − +

= −

⎛ ⎞= −⎜ ⎟− − +⎝ ⎠

= − + +

= −

∫ ∫
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    d.   
1

ln xdx
x

∞

∫   =  
1

lnlim
t

t

xdx
x→∞ ∫     Let lnu x= and

1du
dx x

= .   

         Then 
2

2
du uu dx C
dx

= +∫  

 

   
1

lnlim
t

t

xdx
x→∞ ∫  =  

( ) ( ) ( )2 2 2

1

ln ln ln1
lim lim

2 2 2

t

t t

x t
→∞ →∞

= − = ∞  so the integral diverges 

 

 e.  ( )lnx x dx∫     

  Let ( )ln dvu x and x
dx

= = .  Then 21 1
2

du and v x
dx x

= = , and so  

  ( )lnx x dx∫  =  ( ) 2 21 1 1ln
2 2

x x x dx
x

− ∫  = ( )2 21 1ln
2 4

x x x C− +             

                                                                                            
  f 2 sinxe xdx∫  

  

2

2

Let and sin , so

2 and cos

x

x

dvu e x
dx

du e v x
dx

= =

= = −
 

  Then ( )2 2 2 2 2sin cos 2 cos cos 2 cosx x x x xe xdx e x e x dx e x e xdx= − − − = − +∫ ∫ ∫  

     

2

2

2 cos ,

4 sin

x

x

dvLet u e and x and so
dx

du e and v x
dx

= =

= =
 

  

( )

2 2 2 2

2 2 2

2 2 2

Giving sin cos 2 sin 4 sin

Now : 5 sin cos 2 sin

1And so sin cos 2 sin
5

x x x x

x x x

x x x

e xdx e x e x e xdx

e xdx e x e x

e xdx e x e x C

= − + −

= − +

= − + +

∫ ∫
∫

∫

 

 
 

 g   2 ktt e dt∫    

  2 ktdvu t e
dt

= =  

       
12 ktdu t v e

dt k
= =  

        So 2 tt e dt =∫
2 2kt k tt e t e dt
k k

− ∫  
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11

kx

kt

dvu t e
dt

du v e
dt k

= =

= =
 

        And so 2 ktt e dt =∫
2 2 1kt kt ktt te e e dt
k k k k

⎡ ⎤− −⎢ ⎥⎣ ⎦∫  

 h.  2 23 3
3

1 1 1 1lim lim lim
3 3

t

t t t

dx dx
x x x t

∞ ∞

→∞ →∞ →∞

− −
= = = + =∫ ∫  

 i.  
4

4 1 4

2 2 20 0 1 1 1
0

1 1 1 1 1lim lim
( 1) ( 1) ( 1) 1 1

k

k k
k

dx dx dx
x x x x x+ −→ →

− −
= + = +

− − − − −∫ ∫ ∫  

      Note:  
1

1lim
1k k+→

−
= −∞

−
        so the integral diverges 

     

2.  ( ) ( )
( )

2 1

0

1
sin

2 1 !

n n

n

x
x

n

+∞

=

−
=

+∑   

 
( ) ( ) ( )

( )

( )

2 121
22 2 61 1 1

2 2 48
0

11 12 3 7
2 61 1

2 48
0 0 0

1
sin

2 1 !

1 1 55sin 0.16369
2 6 336 6 336 336

nn

n

x
x x x

n

x x xdx x x dx

+
∞

=

−
= ≈ −

+

⎛ ⎞
≈ − = − = − = ≈⎜ ⎟

⎝ ⎠

∑

∫ ∫
 

 

3.     
2

2 1

11 1

1 lim lim lim
1

n n

n n n
dx x dx x

x n
π ππ π π π

∞ − −

→∞ →∞ →∞

−⎛ ⎞ = = − = + =⎜ ⎟
⎝ ⎠∫ ∫  

 

4.      ( )
24 4 42

00 0
2 4 2 32y dy ydy y= = =∫ ∫  

 
 

5.  
21

0

11 1.478
2

dx
x

⎛ ⎞
+ ≈⎜ ⎟
⎝ ⎠∫ .  Using the distance formula, the distance between (0,0) and (1,1) is 1.414. 

    
225

9

11 16.127
2

dx
x

⎛ ⎞
+ ≈⎜ ⎟
⎝ ⎠∫ .  Using the distance formula, the distance between (9,3) and (25,5) is 16.125. 

 
 

6. a.  
( ) 1 1

1 1

3 1 3
4 4 4

n n

n
n n

− −∞ ∞

= =

− −⎛ ⎞= ⎜ ⎟
⎝ ⎠

∑ ∑ , a geometric series with 3 1
4

r = <  so it converges. (Or use the Ratio test.) 

 b.  Use the Ratio Test.   Since ( ) ( )
( )

( ) ( )1 2 2 21

2 2 22

1 1 1 15 1lim lim lim 1
5 5 5 51

n n

nnn n n

n n n
n nn

+ +

+→∞ →∞ →∞

− + − + +
⋅ = = = <
−

, 

 series converges. 
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 c.  Use integral test:  
( ) ( ) ( ) ( )

2

3 2 2 2
1 1 1 1

lim lim
ln ln ln 2 ln 2

b

b b
dx

x x b→∞ →∞
= − = −

⌠
⎮
⌡

 so series also converges. 

 d.  Use the Alternating Series Test.  Since ( 1)lim 0
n

n n→∞

−
= and 1 1

1n n
>

+
 for all n, the series converges.

 e.  Use the Ratio Test.  Since 

2( 1)

2

2

3
3(( 1) 2)!lim lim 0

3 3
( 2)!

n

nn n

n
n

n

+

→∞ →∞

+ + = =
+

+

<1, the series converges. 

 
 
7.  a. Use the Ratio Test to find the interval of convergence. 

( )
( )

2 1

1

1 ( 1) / 1 ( 1)lim lim 1 1
11 ( 1) /

n n

n nn n

x n x n x
nx n

+ +

+→∞ →∞

− − + −
= = − <

+− −
 

1 1 0 2.x x− < ⇒ < <   However, when x = 0 the series is the negative of the harmonic series so it does not 
converge.  And when x = 2 it is the alternating harmonic series so it does converge.  Thus the interval of 
convergence is 0 2x< ≤  or (0,2]. 

 
b. Use the Ratio Test to find the interval of convergence. 

 

( ) ( )
( ) ( )

1 1 11 2 ( 3) / 1 ! 2( 3)lim lim 0
11 2 ( 3) / !

n n n

n n nn n

x n x
nx n

+ + +

→∞ →∞

− + + +
= =

+− +
 

The limit is less than 1 for all x-values, so the interval of convergence is ( ),−∞ ∞ . 
 

c. Use the Ratio Test to find the interval of convergence. 
 

( )
( )

( )1 1 41 ( 4) / 3 1 ( 4)
lim lim

( 4) / 3 3 3

n n

n nn n

xn x n x
n x n

+ +

→∞ →∞

−+ − + −
= =

−
 and 

4
1 4 3 3 4 3

3
x

when x or x
−

< − < − < − <  

so the interval of convergence includes 1 7x< < .  Check endpoints: when x=1 we have ( )
1

1 n

n
n

∞

=
−∑  and 

when x=7 we have 
1n
n

∞

=
∑ ; both diverge (by the divergence test), so IoC is (1,7). 

 
 
d. Use the Ratio Test to find the interval of convergence. 

( )
( )

( )
1 1 11 3 ( 5)

lim lim 3 5 1
1 3 ( 5)

n n n

n n nn n

x
x

x

+ + +

→∞ →∞

− +
= + <

− +
.  Now, ( ) 1 23 5 1 5 4 .

3 3
x x+ < ⇒ − < < −   When 

15
3

x = −  

every term in the series is equal to one so it does not converge.  And when 
24
3

x = −  the series becomes 

( )1 n−∑ so it does not converge.  Thus the interval of convergence is 1 25 4 .
3 3

x− < < −  
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8.    

sin cos

cos sin

3sin(3 )sin cos(3 )cos
3sin(3 )cos cos(3 )sin

dr rdy d
drdx r
d

dy
dx

θ θ
θ

θ θ
θ

θ θ θ θ
θ θ θ θ

+
=

−

+
=

−

  

6

3sin sin cos cos
2 6 2 6

3sin cos cos sin
2 6 2 6

at

dy
dx

πθ

π π π π

π π π π

=

⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞+⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠=
⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞−⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠

 

So 
1
3

dy
dx

= .  The tangent line at 
6
πθ =  passes through (0,0) so the equation of the tangent line 

1
3

y x=  

 
 

9.  
2 3

1 ...
2! 3! !

n
x x x xe x

n
= + + + + + , and therefore   

2 3
3 9 27 ( 3 ) ( 1) 3

1 3 ...
2! 3! ! !

n n n n
x x x x x

e x
n n

− − −
= − + − + + = ∑ . 

Using the ratio test to find where the series converges: 
1(3 )

3( 1)!lim lim 0 1
(3 ) 1

!

n

nn n

x
xn

x n
n

+

→∞ →∞

+ = = <
+

.  Therefore, the series converges for all real numbers. 

 
 

10.  Avg temp is ( ) ( ) ( )18
o3 3

0

618

0

1 1 513 567 /
24 9 24 27 3 28.42

18 0 18 18

t t e
t e dt t t e C

− − −
+ = − + = ≈

−
⎛ ⎞ ⎡ ⎤⎜ ⎟ ⎢ ⎥⎣ ⎦⎝ ⎠

⌠⎮
⌡

 

 
11.  i.  a) is a set of functions whose derivative is ( )f x ,  b) is a numerical value (the net change in 
 ( )F x from  x = 1 to x = 3 where ( ) ( )F x f x′ = , and c) is the unique function whose derivative is 
 ( )f x and that contains the point ( )0,0 .  You should be able to elaborate on each of these and give more 
 specific information. 

 ii.  
1

00
( )lim

n

kx kf x x
−

=∆ →
∆∑  is equal to the integral in part b), if the limit exists.  It also must be true that 

 
3 1x

n
−

∆ = , 0 1x = , 1n nx x x−= + ∆  and 3nx =  . 

 

12.   (a) With slope 0.6 and intercept 0, the differential equation must be 0.06dD t
dt

= .   

0.6dD t dx=∫ ∫  
20.3D t C= + .  Since 0D =  when 0t = , the constant C must equal zero, leading to 20.6D t= .  Note that 

you must include the integration constant C to receive full credit on a test! 
 

(b)  With slope 0.05 and intercept 100, the differential equation must be 0.05 100dP P
dt

= + . 0.05 means that 

the “natural” growth rate is 5% per year; 100 means that the immigration rate is a constant 100 people per 
year.  Separating variables gives  
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0.05

0.05

1
0.05 100
1 ln 0.05 100

0.05
ln 0.05 100 0.05

0.05 100

2000

t

t

dP dt
P

P t C

P t C

P Ce

P Ce

=
+

+ = +

+ = +

+ =

= −

∫ ∫

 

 
The initial condition given is 1200P =  at time 0t = , which tells us that this last 3200C = , giving  
 

0.053200 2000tP e= − .   
 

13.  ( ) ( )5 3 2sec 3F x x x′ = ⋅  

 
14.  a.  If a function f(x) is continuous on [a,b] and differentiable on 

(a,b) there exists a value c in that interval such 

that
( ) ( )'( ) f b f af c

b a
−

=
−

. 

   

 c.  (2) 2.5f =  and (4) 4.25f = , so 
( ) ( ) 7 / 8f b f a

b a
−

=
−

. 

Differentiating gives 2

1'( ) 1 ;f x
x

= −  to get the desired c, 

solve '( ) 7 / 8f c =   Doing so we see that 2 2c = .  Observe 

that 2 2 2 4< < , as was claimed by the Mean Value Theorem. 
 
 
 

15.  volume = ( )
4 2

0

1 4 4
2

x dx− =∫  

16.  a.  
24 2

0
(150 100 5000) 840,000t t dt+ + =∫  

       b. 2

0
2 840,000 (150 100 5000) ; 30.9

k
t t dt k hours= + + ≈∫i  

       c.  
2 3 2

0

3 2

0
( ) 150 100 5000) 50 50 5000

50 50 5000

t t
W t x x dx x x x

t t t

⎤= + + = + + ⎦

= + +

∫  

 

17.   ( )23 2

3

1 3 2cos 2 18.59
2

d
π

π
θ θ

−
⎡ ⎤+ − ≈⎣ ⎦∫  

 
 

b. 
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18.   a. ( )0 21
42

(0) ( ) 2G f t dt π π
−

= = ⋅ =∫ .  The area from -2 to 0 on the graph is one-quarter of the 

circle with center at (-2,0) and radius 2. 
b.  (1) 1G′ = − .  Since ( ) ( )G x f x′ = , then (1) (1)G f′ = . 
c.  

 
 
 
 
 
 
 


