Calculus 111 Exam Review Solutions June 2008

1. a. Using a trig identity: jcosz xdx :I(lcos(2x)+£jdx :lsin(2x)+1x} =z
0 o\ 2 2 4 2 |, 2

OR
Using integration by parts:
dv
U =COS X — =CO0S X
dx

du . ]
—=-sinx v=sinx
dx

J'cosz xdx = CoS XSin X +jsin2 xdx = cos Xsin X
0

Z + ]i(l— cos? x)dx
0

T

T
+Idx=cosxsin X+ X .

i V2
2J'cos2 xdx = cos Xsin X .

CoS XSin X+ X |7
2

f T
J'cosz xdx = =
0 2

b. J‘ X~A/1+ kxdx

U=x jv_a+wy

E
du 1 V232(1+kx)
dx k 3
So Ix\/1+ kxdx =
5
32 1(@1+kx)?

2 22 3 2

—X(A+kx)2 —— | A+ kx)2dx = —x(1+ kx)2 ——= C

0~ [ @Rk = Zexlt+log? 20 5
2

s
+C

2 3
=—X(1+kx)? -
3 (k)

c. For I dx use partial fraction decomp:

1 1 __A B
x2—4_(x—2)(x+2)_ X—2 X+2
Solve to get:

A==, B=-=
4 4

Il 21 dx:jl(i_ijdx
0x° -4 0\ X—2 X+2

:lln|x—2|+lln|x+2|‘1
4 4 0

:—ims
4
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2lnx _rlnx du 1
d. I—dx = Ilmj—dx Letu=Inxand—=—.
1 X toes X dx X

2
Then ju%dx=u?+c
X

t
. _ (Inx) ~(Int)®>  (In1)
lim In_xdx = ||mu :Ilm( ) —( ) =0 so the integral diverges
X t—oow 2 ) t—owo 2 2

€. J' xIn (X )dx

Letu=|n(x) and %:x. Then d_uzi and Vzlxz,andso

X dx x
_1 » 1,1, 1, 1.,
_[ xIn(x)dx = Eln(x)x —IEX ;dx _EX In(x)—zx +C

f jezx sin xdx

dv .
Let u=e** and— =sinx,so
dx

du
— =2e*andv=-cosx
dx

Then jezx sin xdx = —e** cos X — j 2e” (—cos x) dx = —e* cos X+ j 2e%* cos xdx

v
Let u=2e** and j— =Cos X, and so
X

u .
—=4¢” and v=sinx
dx

Giving J.e2X sin xdx = —e* cos x + 2e** sin X—I4e2X sin xdx

Now : 5.|.e2X sin xdx =—e?* cos X + 2e%* sin x

And so jezx sin xdx =%(—e2X cos X + 2e%* sin x)+ C

g Itzektdt
L2 AV
dt
OI—u=2t v—lekt
dt k
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i=t g
dt
d—uzl v=1ekt
dt k
2
And soJ‘tze"tdt:t—e“—g Lou_ Iek‘dt
k k| k
- dX = dx -1 . 11 1
h. —_Im —2_I|m =lim—+===
3X too J3 ¥ I~>00X3 towo t 3 3
k 4
.1 .=
J' —J' —d =lim——- +Ilim—
0 (Xx— 1) 1 (x—1) ko1 X =1, kol x =1,
Note: I!inlj_—ll:—oo so the integral diverges
o (_1)” X2n+1
2. sin(x)=
(x) nZ:; (2n+1)!
n 2n+1
© _1) (lxz)
sin(1x*) = - ~ix?—Lx®
(2 ) nZ:; (2I’l+1)' 2 48
1 2 1 3 7
[sin| X axs (3 - )= -2 22 - g 16360
o 2 : 6 336, 6 336 336

2
© 1 ] ] . -
3. j 7l = L dx = lim [ 2x2dx = lim=zxY" = lim~Z+Z =7
1 X 1

n—wdl n—o 1 n—>wo N

4. J':(Z\/y)zdy = I044ydy =2y? ‘; =32

1 2
5. I 1+ (%) dx ~1.478. Using the distance formula, the distance between (0,0) and (1,1) is 1.414.
X

25 2
I 1+(%} dx ~16.127 . Using the distance formula, the distance between (9,3) and (25,5) is 16.125.

n-1
- . . . 3 . .
(—j , @ geometric series with |r| =2 <1 so it converges. (Or use the Ratio test.)

(D" 1) s | I <n+1>2|_., (Y 1

b. Use the Ratio Test. Since lim — — = =
5 (-2 n*| ]t [T s’

n—oo

series converges.
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b
i . 1 . 1 1 1 .
c. Useintegral test: lim | ————=dx=Ilim > = > == > SO series also converges.
b= ) x(Inx) >>=(Inb)” (In2) (In2)
2
d. Use the Alternating Series Test. Since lim D 0and 1 > o for all n, the series converges
| | | Jn dn Jn+1 | |
32(n+1)
' 2
e. Use the Ratio Test. Since lim ((n+3# =lim 3—3 = 0<1, the series converges.
n—oo n—oo n +
(n+2)!

7. a. Use the Ratio Test to find the interval of convergence.
~1)"* (x=)™/n+1
(D7 = el x- Dy

(-1 (x-1"/n | g
|x ]4 <1=0<x<2. However, when x = 0 the series is the negative of the harmonic series so it does not

converge. And when x = 2 it is the alternating harmonic series so it does converge. Thus the interval of

n—oo

convergence is 0<x<2 or (0,2].
b. Use the Ratio Test to find the interval of convergence.
|( )n+12n+1(x+3)n+l/(n+1 | |2(X+3)|

(-1)"2"(x+3)"/(n)! \_Hw nel | ¢
The limit is less than 1 for all x-values, so the interval of convergence is (—oo,oo).

n—oo

c. Use the Ratio Test to find the interval of convergence.

n+l jon+l _ _
Iim|(n+1)(x—4) /3" Im|(n+1?)’flx—4)|:|x34| and |x

el () (x=4)"/3 | o]

so the interval of convergence includes 1< X < 7. Check endpoints: when x=1 we have » (-1)"n and
n=1

4
<lwhen|x—4/<3or -3<x-4<3

when x=7 we have Z n; both diverge (by the divergence test), so 1oC is (1,7).
n=1

d. Use the Ratio Test to find the interval of convergence.
N+l An+1 n+l

Iim|( 1) 3"7(x+9) I|m|3 x+5)|<1 Now, |3 x+5)|<1:> 51<x< 42. When X =-5=

n%m‘ (_ ) 3n(x+5) ‘ n—»w 3 3 3

. o . 2 .
every term in the series is equal to one so it does not converge. And when X = —45 the series becomes

Z:(—l)n so it does not converge. Thus the interval of convergence is —5§ <X< —45
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dy C;}l‘;sineﬁtrcos@ atG:%
&:ﬂ v (7). (7 V4 V4
8. cos@—rsing 3sin| — [sin| = |+cos| = |cos|
do dy T 2)7 (6 2) "\6
dy _ 3sin(30)sin & + cos(3¢) cos & dx_3 (z s ). (7«
dx  3sin(36)cosd —cos(368)sin g 5'”(2}305(6)—003(2)%(6)

0 d_y % The tangent line at & :% passes through (0, 0) so the equation of the tangent line

y= L X
V3
2 3 n 2 3 n nann
X X X 9 27 -3 -1)"3
9. € =1+ X+ +——+..+~—, and therefore e ¥ =1-3x+—— =2 o 8 :Z( y 3 X
2! 3! n! 2! 3! n! n!
Using the ratio test to find where the series converges:
(3X)n+1
. ! 3x .
lim (n+1n) = m| |=0<1. Therefore, the series converges for all real numbers.
n—w (3)() n—>oc|n+1|
n!

18 18 6
i 1 i 513567/
j 24+ 9te %) dt =E[24t—27(t+3)e %)} :Te ~28.42°C
0

10. Avgtempis( ! j
18-0/J,

11. i. a)is a set of functions whose derivative is f (x), b) is a numerical value (the net change in
F(x)from x=1tox=3where F'(X) = f(x), and c) is the unique function whose derivative is

f (x) and that contains the point (0, O) . You should be able to elaborate on each of these and give more

specific information.
B n-1
ji. lim Z f (X )Ax is equal to the integral in part b), if the limit exists. It also must be true that
AX—0 k=0

AX=E, X, =1, X, =X, +AX and X, =3 .
n

12. (a) With slope 0.6 and intercept 0, the differential equation must be dd—? =0.06t.

di:jo.etdx

D=0.3t?+C. Since D=0 when t =0, the constant C must equal zero, leadingto D = 0.6t>. Note that
you must include the integration constant C to receive full credit on a test!

(b) With slope 0.05 and intercept 100, the differential equation must be (jj_I: =0.05P +100 . 0.05 means that

the “natural” growth rate is 5% per year; 100 means that the immigration rate is a constant 100 people per
year. Separating variables gives
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J005F>+1oo _Idt

—In|0.05P +100|=t+C
0.05

In|0.05P +100| = 0.05t +C
|0.05P +100| = Ce*™

P

=Ce”® - 2000

The initial condition given is P =1200 at time t =0, which tells us that this last C = 3200, giving

P

13.

14.

15.

16.

17.

=3200e"*" —2000.

F'(x):secf’(xg’)ﬁx2

a. If a function f(x) is continuous on [a,b] and differentiable on
(a,b) there exists a value ¢ in that interval such

part (=101

c. f(2)=25and f(4)=4.25,s0 Mz?/&
—a

: o 1
Differentiating gives f '(x) =1——; to get the desired c,
X2

solve f '(c) =7/8 Doing so we see that ¢ = 22 . Observe

that 2 < 2+/2 < 4 , as was claimed by the Mean Value Theorem.

volume = j%( )dx 4
0

a. [ (150" +100t +5000)dt =840,000
b. 2:840,000 = [ | (150t +100t + 5000)dl; k = 30.9hours

t
W (t) = J‘(:150x2 +100x +5000)dx = 50%> +50x° + SOOOXJ 0
=50t + 50t* + 5000t

117 (34 2c0s0) - 22 ]dg ~18.59
297 ( )

—= M =
T T T 1

(b.f(b)) -




Calculus 3 (regular) Exam Review Solutions page 7

18. a. G(0) = J'i f(t)dt= %(7: . 22) = . The area from -2 to 0 on the graph is one-quarter of the

circle with center at (-2,0) and radius 2.
b. G'(1)=-1. Since G'(x)= f(x), then G'(1)) = f ().
C.

Y
el
——H—+—1
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