Multiple Integrals and Vector Fields Exam Review Solutions May 2008

la) Find lim f(x,Y)

(x,y)—(0,0)
X2y
Consider the pathy =0, lim ——=—==0
(x0)(0.0) X* +y
3
. X 1
athy=x, Ilim —==
path'y (xx)—>(00) 2% 2

Therefore  lim (X, y) does not exist
(x,9)>(0,0)

1b) f(x,y) is not continuous (0, 0) since m . f(x,y) DNE

li
(xy)=(

1c
) Find ﬂ(O,O).
OX

Using the limit definition of derivative

& 0,0)— fim 1 0+A%0)~ (0,0)
OX ' AXx—0 AX
0+M°0) o 0
3 3 T
lim QA+ O iy AC _ iy O g
Ax—0 AX Ax—0  AX Ax—0 AX

2) Show that f(x+Ax,y+Ay)— f(x,y) canbe written as f,(x, y)Ax+ f (X, y)Ay + & Ax + &,Ay

where lim &= lim &, =0.
(Ax,Ay)—(0,0) (Ax,Ay)—(0,0)

Az = T (X+AX, y+Ay)— f(X,Y)
AZ = —(X+ AX)* (Y + Ay) + 2(y + Ay) + xzy—2y—(x2 + 2XAX + (Ax)z)(y+Ay)
+2Y +2AY + X2y — 2y — X2y — X (Ay) — 2Xy(AX) — 2X(AX)(AY) — Y(AX)* — (AX)> Ay + 2Ay + X*y

now with simplification and f, = -2xy and f, = X +2
Az = (=2Xy)AX + (—x2 + 2) AY — (2XAY + YAX)AX — (AX)? Ay
Az = fAX+ f Ay + & AX+ &,Ay (Answers may vary!!)
where g, = —2XAy + YAX, g, = —AX’

im ¢g= Ilm &=0
(Ax,Ay)—(0,0) (Ax,Ay)—(0,0)

Therefore f(x,y) is differentiable for all (x, y).



3a) Prove XILrp1(5x+2) =-3
Show that given any > 0, there exists a & > 0 such that if |[x—(~1)|<
then [5x+2—(-3)| < &. Consider [5x+2—(-3)=|5x+5|="5[x+1]
5|x+1| <56, since [x+1] <&

now given any & >0, choose 52% so that if [x+1 < &, then

[5x+2—(-3)| =5|x+1| <55 = 5(%) =

3b
) Prove lim (lj = % Show that given any ¢ > 0, there existsa ¢ >0

Xx=>2\ X

such that if [x—2) < & then [=— =
X 2

1)1
<_
2|Xx

<é&.

Consider 1——
X

5 since [x—2|< 4.

1] |2-x
2X

Consider x's "close to" 2. 1<x <3then 6=1then 1> 1 2% o) <1
X

X
1

So from above we have 1 <=|=
X 2%

Given & >0, choose & =min{1,2¢}. Then if [x—2|<¢,
1 1‘ 1]1
JRN—— <_
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5S£5
2

we have

x 2| 2[x

4a) V = fj: (3x® +3x%y)dy dx = f (6x° +6x*)dx =172

3 ayox? 27 03 ) 27 27
4b) V:I%J:@(S—x)dydx:fo J.O (Br-r cos¢9)drd6’=f0 ?—9cosed0:277z

Zoor 1 z Vi
5a) IO“LWdrde:EInSL“de:glnS

Z e ’ I A SR
5b) Iozfocos(r )rdrdH_Esmljozde_zsml

1 p2x 1 .
5¢) IO jo cos(xz)dydx:J02xcos(x2)dx:3|n1



54) | jf e’dydx = | xe”dx = (983‘1)
5e) Ioﬁjoxjoz Xyzdz dy dx = J' J'—xy 2 x)dydx I 2 X)dx:%

5f) J' _[ IpSIn¢COS¢dpd¢d9 '[ IZ —singcosgdgpdl = IZ do=2=

16
59) IOZIOaIOaer r® cos? 9dzdrd9:jfjoa(a2r3—r5)0052 ‘9drd9=$a6ffcoszed9: 72?36
5h) jfjfjfp“coszqﬁsiwdpdqjde=w

6a) C:x=tly=t0<t<l W :jolst“dt:g

1 27
6b) W =jo(t3+5t6)dt=2—8

7) By Stokes’ Theorem,

<'E".>curlfd8 :J'RJ'(1+2y)dA:J'OZE'[;(HZrZsin f)drdo=r

8) By Divergence Theorem,

J'”ﬂ % Z—Edv _m (-2xz—-z+2z)dV = IIIOdV 0

dx )" (dyY’ 1 11 1 4
9) ds=\/(—] +(Ej dt, so_[O(Zt—3t2)\/4+36t2dt=ﬁ\/ﬁ—£ln(\/ﬁ—3)—5

dt
102) C:x=t, y=t,0<t<l; [ 6tdt=3

10b) C:x=t, y=t,0<t<l;

J':[St + Zsin(%tjwzt cos( th (ijn(?jcos(%ﬂ dt=3




11) J'O” Fedr =I0”< 4cos’t,4costsint >e< —2sint,2cost > = I:(O)dt =0

12 o(sin x—xsin
) o(cos y +ycos x) =—SiNy+COoSX = ( y) , conservative so

oy OX
o¢

00 . . :
a—:cosy+ ycos x and E:sm X—XSiny, ¢ =xcosy+ ysinx+k(x)
X

¢ =Xxcosy+ ysin x+ K(x)
@ =xcosy+ysinx+g(y)
Potential Function, f (x,y)=xcosy+ysinx+C

13 a)
o(e*siny) o(e*cosy) _
T =e"cosy = o By the Fundamental Theorem of Line Integrals :
X
¢ = ex sin Y, ¢(1,%j—¢(0,0) =e
13 b)
o(2xy? 2,2
M =6xy* = 9BXY) sothe field is conservative.
oy OX

So use the Fundamental Theorem of Line Integrals:
f(x,y)=xy° f(-10)-f(2,-2)=32

14) Show the field is conservative (and so is independent of path), then use Fund Thm of Line Integrals:
f(x,y)=e¥+c

f(2,0)-f(-11)=e"—et=1-et=""=
15a) By Green’s Theorem Iljx (2x—2y)dydx = e
0Jx2 30

15b) By Green’s Theorem H(cos X COS Y — COS X COS y) dA=0
R

16)
J29 6 1122 J29 6 12220 : 2
B - snovoc [ - ary-sr

V29 (s 5 1-2x
:F.[o Bxy’ —x*y? —xy [ dx=

) \/126_9 I06864X—432X2 + 24X +48X° - 4x* — X(144 - 48" + 4x”)(12 - 2X) dX



17a) n=-z,i-z,j+Kk, ﬂ FendS :J.j(Zx2 +2y +(1-% - yz))dS :I:”.[Oer drd@=2x
R R

17b) R is the annular region enclosed by x*+y® =1 and x* +y* =4

2 2 . 14
ij.nd5=jRj _\/x2X+y2_\/x2y+y2+22 dA:L‘[\/szrysz:LZ Lzrzdrd<9=T”

o

18a) G is the rectangular solid; [[[ divFdv :J02J:I:(2x—l)dxdydz =12
G

18b) G is the cylindrical solid;
m' divFdV = 3J:U dV = (3)(volume of cylinder) =3[ za’ (1) | = 3za’
G G

18c) G is the solid bounded by z =1—x? — y* and the xy-plane;
[[fdivrav =s([fav =s[" [ rdzerdo ="
G G
19)

If o is oriented with upward normals then C consists of three parts parameterized as
Coir(t)=(1-t)i+tjfor 0<t<1,

C,:r(t)=(1-t)i+tk for 0<t<1,

C,:r(t)=ti+(1-t)k for 0<t<1.

0 1 1 1
jch.dr :jcz F.dr :LBF-dr =j1 (B8t-Ddt = or —jo (Bt-Ddt=--
1 1 1 3 ..
soP Fedr=—=—-—=-—= =——. curlF=—-i—j-k, z=1-x-vy,
C}-)C 2 2 2 2 J y

R is the triangular region in the xy-plane enclosed by x+y =1, x=0, and y =0;

1 -3
jaj (curl F)ends = —3jR [ dA = (-3)(area of R) = (-3) {5(1)(1)} ===

20) curlF=-4i-6j+6yk,z :% oriented with upward normals,

R is the triangular region in the xy-plane enclosed by x+ y=2,x=0, and y = 0;

[[ curt Fynds = [[(3+6y)da=[ [ (3+6y)dydx =14



