Calculus Challenge #2
Solution due: November 4, 2009

Consider the portion of the graph of y = 1 in the first quadrant.
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1. Show that the segment of the tangent to the curve in the first quadrant is bisected at the

point of contact. This is true for every point of tangency (x = a).

The equation of the tangentat x =ais T(x)= f (a)+ f'(a)(x—a). Inthis example, we have
1 1 —X

T(x) :g—g(x—a) :¥+§. The coordinates of the point of tangency are (a,1).

The intercepts (endpoints of the segment in the first quadrant) are (0,%) and (2a,0) :

The length of this segment is \/(Za—O)z +(0-2)" = \/4a2 +4 = 2\a* +1.

2
The midpoint of this segment is (O+22a1 2 ZO

j =(a,%), so the point of tangency is always the

midpoint of the segment.

2. How does the area of the triangle bounded by the coordinate axes and the tangent
segment vary with the point of tangency?

Since the intercepts are (0,2) and (2a,0) The area of the triangle is always £(2a)(2)=2.

Regardless of the point of tangency, the area of the triangle defined by the tangent is constant.
We call this an invariant. Looking for invariants is a common tool in mathematical
investigations.



3. Find the point of tangency, x = a, at which the ratio of the area of the rectangle with
opposite vertices at (0, 0) and at (a,%) to the area of the triangle defined in 2) is maximum.

The area of the rectangle is always a(%) =1. Since the area of the triangle is fixed as well, the

ratio is always ¥ no matter which tangent we choose. There is no location for which this ratio is
a maximum.
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results found in 1-3 above are no longer true, but something similar happens. What can you say

4, If we alter the functionto y = oringeneral, y = in with n > 0, the
X

1
about these lengths and areas for y =—7?
X

We will try an example, before moving to the general case.
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tangency are (a,a%) . The intercepts (endpoints of the segment in the first quadrant) are (O%)

3 —2X

If, y =i2, we have T (x) = ~(x-a) :—3+%. The coordinates of the point of
X a’ a

and (%,0). The length of this segment is \/(a—i —Ta = o+ \/4+a The

length of a segment to the point of tangency is \/(a 0 L-38) =./a’ +-r = \/4+ a’
We see that the point of tangency is always breaks the segment into 1/3 and 2/3 Iengths. Would

y= is break into ¥ and %4’s?
X
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So the tangent line is T (x) = 1_
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If yzin,then y =—
X

Xn+1 '
coordinates of the point of tangency are (a,ain). The intercepts (endpoints of the segment in the

first quadrant) are (O, rf,;l) and ( (n+D)a ,0).
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(n+1) 1+ ?Hz . It does depend upon
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2
The length of this segment is \/(n +1) a’+ (
n

the point of tangency x = a.



2 2
The length of the segment to the point of tangency is \/a +n— = a\/l+ n so the ratio of
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the point of tangency. So, yes, y—— breaks the segment into % and %’s while y=—— breaks
X3
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lengths is . This ratio is also an invariant, and does not depend upon

itinto 2/3 and 1/3.
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The ratio of areas is not quite so nice, but it is also invariant. The coordinates of the endpoints

2
are (0,2) and ( (n1)o 0), so area of the triangle is (%)(nﬂ]((nﬂ)a]: (n+1)

a" n 2n(a“‘1) '

. 1 1
The area of the rectangle is (a)(—nj =—.
a a

The ratio, then, is > and is again independent of the location of the point of tangency.

(n+1)

The power that maximizes the ratio can be found. If R(n)= 2— , then

(n+1)

(n+1)°2-(2n)2(n+1) _(n+1)2-(4n) -2n+2

2 3 . The critical values areat n=1,-1.
(n+1) (n+1) (n+1y’

R'(n)=

We are only interested in n>0. R"(n)=

and R”(l)<0, o) y:1 has the maximum
(n+1) X

ratio of areas.



5. The portion of the implicit function x5 4 y% =1 in the first quadrant has a similar
interesting property. What property or properties can you find? (if you haven’t studied implicit

differentiation yet, solve fory, y = (1— X )5 , and treat it like an ordinary function in the 1** quadrant)

2
This one is messy whether you treat it implicitly or as an explicit function. For the curve x3 +y®=

-1
Y3
we have 2x¥ +2y7 (dyj 0, so(dyj XY

21\ 3
The point of tangency is (a, (1—a§) ) and the equation of the tangent lineat x = a is

T(x)=- “lai Xidi—a?® . The endpoints of the segment are then (0 1- aé) and
(al/3’ O) .

2

The length of this segment is al +(1 §) 1. Yikes! The length is always 1 no matter what

point of tangency we pick.

2\3
The length of the segment to the point of tangency (a, (1— a5) ] is

\/(a a%) (1—a2/3)3 =va'®-2a** + :,/(am—l)2 :‘az”’—l‘. The ratio of lengths does

depend upon the location of a.

The area of the triangle is (%)(%)(\/1_ a2’3) and the area of the rectangle is

A28\ n_ 23 _(a_ a53).[1_ A23 : : Z(a_am)_ 213 5 43 -
(a)(1-a**)V1-a*® =(a-a**)v1-a**. Theratio, then, is ) =2a** -2a*"* and is
a

dependent on the location of the point of tangency.

Let R(a)=2a**-2a"®,s0 R'(a)=%4a"*-£a". If R'(a)=0, then a™* =2a"*. The critical

1 1 1 . 1
valuessarea=0and a=+——-. Wehave R(0)=0 and R| — |==, with R”"| — | < 0.
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. .. 1 . .
The maximum ratio is found when a = —~= when the rectangle is half the area of the triangle.
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So, it looks like the most interesting aspect of
this function is the length of the segment in the
first quadrant is always 1, regardless of the
location of the point of tangency.

So, this must be the kind of path a falling
ladder takes as it slides down a wall. | wonder
if it is possible to make a calculus problem out
of that?




