Appendix A:
A Vector Approach to Linear Regression

The question most often asked when students begin their study of linear regression and
curvefitting is, "why do we minimize the sum of the squares of the errors?'.  Squaring the errors
seams like an artificial measure of the total error of the fit. Typically, we fumble around with
answers like "we want to make all the errors positive, so positive and negative errors won't negate
each other”. Then we are faced with explaining why working with squares is simpler than working
with absolute values, which accomplish the same task without altering the size of the errors. To
understand why the sum of the squares of the errors is the "natural” measure of the fit rather than
the artificial measure it appears to be, we need to think about the problem geometrically.

SimpleLinear Regression
Given a set of n data points (X, ¥,), (X, Vo), (Xs ¥5), (Xgs ¥a)s =+ (X, ¥a ), We can
think of the data as defining two vectors X and y, with
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With this interpretation, we re-consider the linear equation y =a+bX. This equation now makes
no sense, sincea and b arescalarsand X and ¥ are n x 1 vectors. Implied by the equation is an
n" 1 vector of 1's, which wewill call 1. Now the equation

y =al+bx
iswell defined.
If the equation ¥ =al+bX is satisfied, then all of the data lie precisdly on a line, as
shown in Figure 1la. More importantly, we interpret the vector equation y = al+bx as saying
that vector Y livesin the plane defined by X and 1.

=mx+h

Figure 1: Datalleexactlyonthellne y =a+bx



Of course, in areal data situation, we cannot expect the equation y = al+bx tohold. If thereis

any eror at al, then y1 al+bX, that is, the vector y is not in the plane of % and 1.
Neverthdess, we do want to write a linear modd to represent the data set. That is, we want to
know the y-values, ¥, for which y = al+bX is the best linear model for the data.
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Figure2: Datado not lie exactly ontheline y =a+bx
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The regression question can be stated geometrically as, "of all vectors in the plane of X and 1,
which is the closest to ¥?' We will use this vector as our modd y. Figure 2 illustrates the
geometry of the regression problem.

Figure 3: The Geometry of Linear Regression

Thevector F=y- y=y- (a1+b)?), known as the residual vector, is the difference in

the actual vector yand the model vector §. The residual vector represents the error in the
approximation of y by ¥. Wewant ¥ to be as close (literally) to ¥ as possible. To achieve the
best fit, we want to minimize the length of . Remember, the length of a vector is found by the
generalized Pythagorean Theorem, |7 || = /r2 +r2 +r2+...+r2. To minimize the length of this
vector, you must minimize the sum of the squar es of its components. What is at first viewed as an

artificial device to make terms positive is actually the "natural" (in the sense of Pythagorean)
measure of the length of a vector!




Figure 3 contains all of the information required to compute the least squares components
as wel. Minimizing the length of I requiresthat I be perpendicular to the plane of X and 1.
Since I is perpendicular to both X and 1, we know that the dot products I >X and I >1 are zero.
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This gives the linear equation

Similarly, if

then

This generates the linear equation
y»z:a(ixz)+b(7<xz).

To determine the values of a and b that minimize the size of the residual vector, we only have to
solve a system of two linear equations in two unknowns,

Solving this system, we find that

b:(yxz)(ixl)- (y:4)(1%) N a:(yxl)(rooz)- (y%%) |
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Evaluating the dot products generates the more conventional forms
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For the data set (2, 7), (3, 10), (4, 10), (5, 14) and (6, 15) we have X = (2, 3,4,5, 6) and
y =(7,10,10,14,15), with
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Substituting, we have b=

the least squares linear fit is
y=3.2+2X.

From the vector form of the equation, we find that
y=3.2 XL+ 25% = <7.2, 9.2,11.2,13.2, 15.2>

and theresidual vector is

y- ¥=(7,10,10,14,15)- (7.2,9.2,112,132,152) = (- 02,08, - 12,08, - 02).

Corrédation Coefficient

The correlation coefficient, r, can also be reated to the vectors in Figure 2. One form of the
S s~ N2
a(v-v)
computational formula for RPis RP*=1=L where Y is the vector whose eements are
[o) —_\2
a(y-v)
i=1

all the average of the y-values. Thevector y can be found by projecting the vector y onto the 1

po}

vector. All that is necessary, though, is to recognize that the vector Y isin the direction of 1.

Figure4: The correlation triangle



In Figure 4, the vector from A to B is vector y. So, the vector from B to C, then, is vector

y- Yandthevector fromBtoDis §- y. Thelengthof y- ¥ is|y- y|= /é (y. - 7)2 and
i=1

n
of §-yis|y-y|=./a (9 - 7)2 . These two vectors form the side and hypotenuse of a right
i=1

d /1~ N2
a( - Y)
triangle, so theratio of these two lengths is cos(q) =t = Butthisisjust VR* =r.

a-y)

i=1
The corrdation coefficient is the cosine of the angle between Y- yand §- y. The value of the
cosine varies from - 1 to 1, as expected for r. In our example,
COS(Q) — (9: 37_) >(_’)7'_)_/) — 40
V- 9||y-y| 404238

» 0.9667 .
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Appendix B:
Multivariate Regression

In simple linear regression, to find the values of the scalars a and b, we solved the system
of equations

y><1:a(1><1)+b(7<><1)
37><>”<=a(1><x)+b %K)

This system can be written as a single matrix equation given below:
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where we define the two matrices X and Y using the three known vectors 1, %, and V,
with matrix X being an n” 2 matrix containing the explanatory vectors 1 and X,
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rewrite the matrix equation (1) aboveintermsof X and Y.
Theleft side of equation (1) isthe product of X and Y,
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where b isthe matrix of coefficients a and b.
Solving for b, we find that b =(xTx)'l(xTY). This matrix equation will perform all
forms of polynomial and multiple regression.

Given a set of n data points

(X'l’ Y1)’ (XZ’ YZ)’ (XS’ Y3)’(X4a Y4)’ ""(Xna yn),
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For example, (2,7), (3,10), (4,10), (5.14), and

40 and Y = €100, with (X7X )" (XTY) = 23'22@, S0 our
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regression equation is ¥ =32+2x. The matrix product Xb will give the fitted values

and Y- Xb theresiduals.

Quadratic and Other Models

If we want to fit a quadratic regression to these data, simply alter the X matrix. To
fit ¥ =a+bx+cx®, matrix X will have a column of 1's (for a), a column of x's (for b), and
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a column of x*'s (for ©). In this case X =
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but that's what happened.
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In this case we get the same linear equation, which is strange,

If we wanted to find a model of theform y = ax+bx®, then we
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form matrix X with a column of x's and a column of x®'s. Inthiscase, X = @4 64 l;I
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Y =3255x - 0.0215x°.

To perform a multivariate fit, create the X matrix so that it has the form of the model you
want to use. If we have the ordered triples (x,y,z) and we want to fit z=a+bx+cy,

the X matrix will bean n” 3 matrix, with a column of 1's, and column of x's and a column
of y's. For example, if we have the data

(1,2, 5), (2,1,3), (22 7), (3 5,10), (4, 3, 12), and (5, 5, 19),

we create the matrices
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and the modd will be 2=-1679+2698x+1123y. If we want the fit
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z=-1.076x+3.871y +1.096xy - 0.901y".



Finally, for the temperature-insulation data, we want a model of the form

Gas=a+bTemp +clnsulation+d (Tempxnsulation).

So we create the matrices

gl Temp, O 0 u gGaslu & 6.85 ¢
g Temp, 0 0 038, ) ¢0 393H
Xy, =€ 111 G,Y,=6asGand (X"X) (X"Y)=b,, =€ "4
é ¥ e .’d €-2.26U
gl Temp,, 1 Temp ,y é - u .é.0144l:|
8 Tew, 1 Temp, f fGas, f =t

Themodel, then, is Gas =6.85- 0.393Temp - 2.26 Insulation +0.144(Tempxinsulation).

If Insulation=0
then we have Gas= 685- 0.393Temp

and if Insulation=1
we have Gas =4.59- 0.249Temp .

References:;

Box, George, William Hunter, and J. Stuart Hunter, Satistics for Experimenters, John
Wiley and Sons, New York, 1978.

Johnson, Richard A. and Wichern, Dean W., Applied Multivariate Satistical Analysis,
3rd, Prentice Hall, 1992.

Saville, David J. and Wood, Graham R., Statistical Methods, The Geometric Approach,
Springer-Verlag, 1991.



Appendix C:
That ANOVA table at the bottom of Regression Output

Suppose we fit a linear mode to the data below. The data give the average number of
passenger seats in different airplanes flying in the US and the average cost per hour in
flight for that airplane. We bdieve alinear modd is appropriate, and we want to be able
to predict the cost from the number of seats.

Plane L- DC-10 A300 A310 B767- B767- B757 B727-
1011 300 200 200
Seats | 296 288 258 240 230 193 188 148
Cost 3885 4236 3526 3484 3334 2887 2301 2247
Plane | MD- B737- DC-9- B727- B737- F-100 DC-9- DC-9-
80 300 50 100 200 30 10
Seats | 142 131 122 115 112 103 102 78
Cost 1861 1826 1830 2031 1772 1456 1778 1588
1992 World Almanac and Book of Facts and http://www.air-transport.org
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Along with the regression equation
Cost per Hour = 362.363 + 12.4706 Number of Seats

you get a lot of additional information. One piece of information is the Analysis of
Variance table. Just where do those numbers come from?
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The output below isfairly typical of statistical packages.
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Cost per Hour By Number of Seats
Linear Fit
Cost per Hour = 362.363 + 12.4706 Number of Seats

Summary of Fit

RSquare 0.951609
RSquare Adj 0.948152
Root Mean Square Error 207.0796
Mean of Response 2502.625

Observations (or Sum Wgqts) 16

Analysisof Variance

Source DF  Sumof Squares Mean Square F Ratio
Modée 1 11805736 11805736 275.3076
Error 14 600348 42881.98 Prob>F
CTotd 15 12406084 <.0001
Parameter Estimates
Term Estimate Std Error t Ratio Prob>|t|
I ntercept 362.36339  138.9916 2.61 0.0207
Number of Seats 12.47057 0.751583 16.59 <.0001
Number of Seats Cost per Hour
Mean 171.6250 Mean 2502.625
Std Dev 71.1401 Std Dev
909.435
Std Error Mean 17.7850 Std Error Mean
227.359
N 16.0000 N 16.000
Plane L- DC-10 | A300 A310 B767- B767- B757 B727-
1011 300 200 200
Seats 296 288 258 240 230 193 188 148
Cost 3885 4236 3526 3484 3334 2887 2301 2247
Fit 4053. | 39539 | 3579.8 | 3355.3 | 3230.6 | 2769.2 | 2706.8 | 2208.0
7
Residual || -168.7 | 282.1 -53.8 128.7 103.4 117.8 | -405.9 39.0
Plane MD- B737- | DC-9- | B727- B737- F-100 | DC-9- | DC-9-
80 300 50 100 200 30 10
Seats 142 131 122 115 112 103 102 78
Cost 1861 1826 1830 2031 1772 1456 1778 1588
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Fit 2133. | 1996.0 | 1883.8 | 1796.5 | 1759.1 | 1646.8 | 16344 | 1335.1
2

Residual | -272.2 | -170.0 -53.8 234.5 12.9 -190.8 | 143.6 252.9

Just what is it that has a sum of squares 11,805,736 (called the Model Sum of Squares), of
600,348 (called the Error Sum of Squares), and of 12,406,084 (called the Total Sum of
Squares)?

For simplicity, we will call Cost per Hour, y, and Number of Seats, x.

The Total Sum of Squaresis just the sum of the squares of the differences in the y-values
and the average y-value, 2502.625. Symbolically, thisis & (Y, - 7)2 . From our data, we
have

(3885- 2502.625)° +(4236- 2502.625)" +-- +(1588- 2502.625) =12,406,084.

This sumis the numerator in thevarianceof y.  If we square the standard deviation of y
(909.435) and multiply by 15, whichis (n- 1), we should get this total sum of squares,

909.435% (15) =12, 406,080, except for some round-off error.

TheModd Sum of Squaresis the sum of the squares of the differences in the predicted y-
values and the average y-value 2502.625. Symbolically, thisis § (3 - 7)2 . Fromour
data we have

(4053.7- 2502.625)° +(3953.9- 2502.625)" +---+(1335.1- 2502.625) =11,805, 736.

Finally, the Error Sums of Squares is just the sum of squares of the residuals, or
a (vi- 9)°. Fromour datawe have

(3885- 4053.7)° +(3953.9- 2502.625)" +--- +(1335.1- 2502.625) = 600,348.

Noticethat R* = 11805736 _ 0.0516 and that 600,348 + 11,805,736 = 12, 406, 084.
12406080
Further, 600;:’48 + 11822736 = 12406084 and the expression on the right side of this

equation is the variance of y. So, on the left side of the equation, we have partitioned the
variance of y into two groups, one group that is associated with the fitted values
(explained by x) and the other with the residuals (unexplained by x). Dividing both sides

of this equation by % gives the standard interpretation of R?, the proportion of

the variance of y attributed to or explained by x.
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