NCSSM Statistics Leadership Institute Notes The Theory of Inference

Moment Generating Functions and Their Properties

The i th moment of a random variable Y is defined to be E(Y') =mt. So the expected
value or mean of Y, E(Y), is the first moment E(Y'). The expected value of Y?,
E(Y?), which can be used to find the variance of Y, is the second moment.

The moment generating function m(t) for a random variable Y is defined to be
E(e€")where 't is in a smal neghborhood of  zero. So

2 3
m(t):E(etY):E[l+tY+%+%+..} snce the series expanson for

2 3 2 23
e‘Y:1+tY+ﬂ+ﬂ+.... Also, mqt) = E[Y+2tY +3t Y
2! 3 2! 3

we have m((0) = E(Y+0+0+...) = E(Y). So, the first derivative of the moment

generating function evaluated at t=0 is the expected vaue of Y. Tha is
m(0) = E(Y)=mn. Thus, if you have the moment generating function for a random

variable, you can find i by taking the first derivative and evaluating it at zero.

+j Setting t =0,

Now look at the second derivative:

mt) = E[YZ " 3’Q3tIY3 +j L and m®0) = E(Y?) .

Since V(Y) = E(Y?) - [E(Y)]?, we can use the first and second derivatives of the moment
generating function to find the variance of a random variable. Before proceeding we will
verify that V(Y) = E(Y?) - [E(Y)]?:
V(Y) = E(Y- m? = E(Y?- 2Ym+nt)

= E(Y?)- E(2nY) + E(nf)

= E(Y?) - 2nE(Y)] +nf

= E(Y?)- 2m(m) + nt

=E(Y?)- 2nf+nf

= E(Y?)- nf = E(Y?) - [E(V))?

The argument given above essentially repesats the calculation for Cov(Yi,Yj) on page 7.
Covarianceis more general, since Cov(Y,Y) =Var(Y).

Notethat if Y isadiscrete random variable,
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¢ o) o) > ty)? )
m O =EE) =8 @py)=& po)g+ty+ Lsy
e : u

t2
=8 P(y)+8 WP +8 Y PY) ..
2
=1+tq yp(y)+%é y*p(y) +... sincet isconstant in the sum
t? |
:1+tE(y)+EE(y2)+...
t? |
:1+tnp+§ nmg+...
as we would expect since thisis a moment generating function.

Example 1
- | y

Suppose Y is a Poisson random variable with parameter | . Then p(y) = © for

y!
y=012..., where | represents the rate at which something happens. Find the moment
generating function and useit to find the mean and variance of Y .

Solution:
¥ tyolpy
First find my (t) = E(&") = § £
y=0 y!
¥ oAty 1 APRIRY t
=e'q C e gnee a (CiDig is the power seriesfor €'
y=0 y! y=0 !
— eetl -l eI (e'-1)
\ m(t) =€
Find derivatives of m,(t) to usefor computing mrand s °.
mit) =€ 9 ¢ magt) =e' ¢Vl e +1 e'e €| ¢
E(Y) =m=m0) =€l &° =| E(Y?) =mu0) =€’ &*+| '€’ " =1 +2

V(Y)=s?=E(Y?)- [E(Y)]
=( +1%)-1%=1
The Poisson distribution has mean and varianceof | .

Example 2
Suppose Y has a geometric distribution with parameter p. Show that the moment
t

generating function for Y is m(t) = 1 Pe - Where q=1- p.
e

11
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Solution:
p(y)=q"'p y=1 2.

¥
m,(t) = E(e¥)=q €’ pg”*

y=1

¥
= pota (€q)’ Note: geometric serieswith common ratio €'q <1if t <- In(q)
y=1
t t

1 Q¢ _ pe

1- g¢ 1- g

=Pg

Now that we know the moment generating function, it is a Smple matter to find the mean
and variance of the geometric distribution.

For the mean we have

m([(t) _ (1- qé) pet - pet (_ qet) _ pet |
(- ae) (- oe)’
For the variance we have

(1 qe) pe - pe' ( (1 qe)( qe) pe(1+qe)

mit) =

(1- o) (1 o)
and
oy PE(1ra€) _p(ira) _1+q
G(O)_ (1_ qeo)s - ps - pz 1
1+qg 1 _1-p
s0 Var (Y) = mé(0) - (mg(0))° R
Example 3

Find the moment generating function for a random variable with a standard normal
distribution. That is, find the moment generating function for Z ~ N(0,1). Note that

Z ~N(0)isread: Z isdistributed asanormal random varisblewith m=0and s ? =

Solution:

m,(t) = E(é )—J = o2 dz

12
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¥
=62 | \/;_ o (20724,
Sy vep

¥
=g j(normal density,m=t,s > =1) dz
¥
— et2/2 1= et2/2

It is straight forward to verify that the mean and variance are 0 and 1, respectively.

Example4
Show that the moment generating function for a random variable Y ~ N(ms?)is

t%s 2

m, (t) = e 2 . Usethemoment generating function to show that E(Y) =1r.

Solution:

Following the outline of Example 3, we have
zw m)?
t)y=E(e") =
m(t) = E(e") = J Zps dy

¥ 2( 2+ Zszty
:J- 1 eZS y-m dy
V2ps

Consider the exponent:

2. 2s%y] = - 25°mt - s 7]
¥ s 4?2
2[(y m- s 2]2ent+S
So m(t) = j 2
¥
i¥ Sl m-s
= 2 f dy (theintegrand isanormal density function)
¥
2t2 ¥
J (normal density, mean = m+s °t,var =s ?) dy
-¥

=e 2>l=e 2

s 2t2

Now to find the expected value of Y: mt) =e 2 (m+s 2t)
m0) = e’(m+0) =m.

2.2 2.2
+st mt+St

. . . mt 2
Thevariance of Y isfound by computing: mdt) =e 2 (52)+e 2 (m+szt)

13



NCSSM Statistics Leadership Institute Notes The Theory of Inference
m®0) =€’(s *)+e’(m)" =s > +nf.
Then Var (y)=s ?+nf- nf=s?

A more direct derivation can also be given:
m, () = E(e") =E(e™?) =E(e™ V) =e™m, (st) =™V =g

Example 5
Find the moment generating function for a random variable with a gamma distribution.

Solution:
¥

m,(t) = E(e) = (‘)l%ya‘le‘ b gl
0

Iy‘“ ‘e o dy (Recall that b* and G(a ) are constants)

b G( )%
Rewrite the expression 1og-tbt 1
b b @& b ¢
&1- bty
=)
= e d

Since we have previoudly shown that f y* e Y’dy =b*G(a),

_ a1 [ b JG(a)
b*G(a)\ 1- bt

SN (- R P
(1 bt)? “1-0t) b

Recall that the chi-square digtribution is a special case of the gamma distribution with
b=2and a=n/2. So it follows from Example 5 that if Y~c? (n), then

1 n/2
m(t) = [1 th .

From this moment generating function we can find the mean and variance of the chi-
square distribution with n - degrees of freedom.

14
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We have m¢(t) =- %(1 2t)n51( 2):#. So  m¥0)=n. The mean of achi-
1- 2t)?

square distribution with n degrees of freedom is n , the degrees of freedom.
N el +19 2 el +19
82 o 82 o]

Also mit) = — . So m¥0)= |:0=n2+2n and

(1- 2t)* (1- 2t)*"
Var (Y)=n?+-n?=n.

The variance is twice the degrees of freedom.

Theorem: Consider Y, Y,, ... Y, independent random variables. Let W=Y, +Y,+...+Y,.

2
Then m, () = QO m,(t).

i=1

. 2
Proof: my(t) = E(eta *) = E[O etYij by laws of exponents
i=1
2
=OE(eY) since Y areindependent
i=1
2
=0 m(t)

Example 6
If Y hasabinomid distribution with parameters (n, p) , show that the moment generating

function for Y is m(t) =( pe' +q)n where q=1- p. Then use the moment generating
function to find E(Y) and V(Y).

Solution:

p i 1with probabilit
Y =8 X, wherethe X'sareindependent and X, ::' WI_ Pro I_ |_y P
ol 1 O with probability g

m, (t) = E(e™) =€e"p+€e’q=pe +qg
m, (t) =m, () >m,, () ..m, ()

)
=Q(pe +0)
=[pe +q]"

Now we can take derivativesto find E(Y) and V(Y) .

15
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mé&t) =n(pe' +q)"* pe
E(Y) =m%0) =n(p+q)"*p=np
me§t) =n(n- 1)(pe' +a)" *(pe)? +n(pe' +q)"* pe
E(Y?) =m®0) =n(n- )(p+0q)"*p*+n(p+q)"'p
(n2 . n) p’>+np=n’p’+np(1- p)

\ V(Y)=E(Y?)- gE(Y)§ =n*p*+np(L- p)- (np)*
=np(1- p)

The Uniqueness Theorem is very important in using moment generating functions to find
the probability distribution of a function of random variables.

Uniqueness Theorem: Suppose that random variables X and Y have moment
generating functions given by m, (t) and m,(t) respectively. If m,(t) =m,(t) for al
valuesof t, then X and Y have the same probability distribution.

The proof of the Uniqueness Theorem is quite difficult and is not given here.

Example 7
Find the digtribution of the random variable Y for each of the following moment-

generating functions:

8
@m0 =[5 (®) mv) =[(3e +(3]
© mn == (@ my =€
Solution:

(@ Since m(t) can be written in the form (1—13)2 where u =16, Y must be a chi-

sguare random variable with 16 degrees of freedom.
(b) Since m(t) can be written in the form ( pe +q)n where p=1/3 and n=5, Y must
be a binomial random variablewith n=5 and p=1/3.

3

(c) Since m(t) can be rewritten as , Y must be a geometric random variable
with p=1/2.

16
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| (e'-1)

(d) Since m(t) can be written in the form € , Y must be a Poisson random variable

with | =2.
Theorem: If W=aY +b, then m,(t) =€"’m,(at).

Proof: my(t) = E(e™) = E(e™)
=*E(e) = "m,(at)

Theorem: If W=aY +b, then E(W) =aE(Y)+b and V(W) =a*/(Y)

Proof: m, (t) = e"m,(at)
mg(t) = €"mg(at) xa+m, (at)e” b

Mi(0) = mK(0) > +m, (0) b = aE(Y) + E(¥) b
=aE(Y)+E(1)b=aE(Y)+b

mg(t) = ae”" mgat) xa+ mg(at) xae” >b + m, (at)e™b’ + be” mi(at) >a

MgH0) = aZmg0) + abmg(0) + bm, (0) + abmg{(0)
= a?E(Y?) + 2abE(Y) +b?

So V(W)= EW?)- [EW)]* =a’E(Y?) +2abE(Y) +b? - [aE(Y) +b]*
=a’E(Y?) +2abE(Y) +b” - [a*(E(Y))? +2abE(Y) +b?]
= a’E(Y*)- & [E(Y)]
=a2{E(Y2)- [E(Y)]z}zaz\/(Y)

Of course, this theorem can be proven without resorting to moment generating functions,
but we present the proof to show that mgf's give the familiar results.

Theorem: If Z~N(0,]) and Y=sZ+m,then Y~ N(ms ).
Proof: We know that m, (t) = &'/,

m,(t) =e"m,(st)  (Applying the theorem proved above)
= gl %2/2

\ Y~ N(ms?) by the uniqueness theorem.
Theorem: If Y, ~ Poisson(l ;) and Y, ~ Poisson(l ,)and Y, and Y, are independent, then

W=Y +Y, is Poisson(l ; +1 ,).

17
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Proof: my(t) =m, (t)>m, (t) since’Y, and Y, areindependent
- eI 1(e1—1)el 2(91' 1)
_ e(l 1 o)(e-1)
= moment generating function of Poisson(l , +1 ,)
\ W~ Poisson(l , +1 ,) by the uniqueness theorem.

Theorem: Let W,W,,...,W, be independent chi-square random variables, each with one
n

degree of freedom. Let W=3 W . Then W~c °.
1

Proof:
B _A _A -y2 _ -2
my(t) =mg , () =0 m, () =0 1- 2t) " =(1- 21)
i=1 i=1

= moment generating function of ¢ 2 with n degrees of freedom
\ W~ ¢, by the uniqueness theorem.

We have already consdered the mean and variance of a chi-square distribution with n
degrees of freedom as a special case of the gamma distribution (see page 14). Now we
will give amore direct proof using the chi-square generating function.

Theorem: If W~ ¢ ?, then E(W)=n and V(W) =2n.

Proof: m,(t) =(1- 2t)_7

-n
- 2
n 2

) =202 X-2)

mi0) =1 (1- 02 " X-2)=n

So E(W) =n.
miw =( 55 1o 20 202
miK0) = 4[2)[2 + 1) = 4[%2 + g) =n?+2n

So V(W) = E(W?) - [E(W)]* =n®+2n- n” =2n

Now consider Z ~ N(0,1) and W = Z?. We know the distribution of Z , and now we want

to show that the distribution of W is chi-square with one degree of freedom. There are at
least two ways to do this. The method of density functions is the harder way, and the
method of moment generating functions is the easier way. We will show both in the
sections that follow.

18
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Method of Density Functions: Let K, (w)represent the cumulative distribution function of

W for w>0.
FW(W)=P(22£W)=P(-\/_£Z£«/_)

- J“ Le- Zloqy= 2 J_ J o %2y

du 1 2 u 2
Let u=+/w. Then —— =—— and F(u) = —=— [ e Z/%d4z.
24w W J2p Jo

dF _dF du 2 2 1
By thechainrule, — = — x— = e /2
y dw  du dw \V2p A

_ 2 (Wl
=——e W
J2p 2

1 - W2, 12 C{l)
=—e "W Notethat Vp =G =
\N2p P 2

1&1 w'le 2 for w>0
2]/2 0

8221
Note that f,,(w)is the density function for a Gamma random variable with a =%and

b =2. Therefore W is a chi-square random variable with one degree of freedom.

2

Method of Moment Generating Functions:
P 22/2dZ

my (t) = E(e") = E(e‘zz) = f; %pe

_ 52

1 2(1—22t)'1
e dz
I ¥2 [1 2ty ¥ (1 2t)]/2]

_ZZ

2(1- 2t) 1dZ

_ 1 J‘¥ 1
(1- 2t)"2 5 \2p (1- 2t) 2

19
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1 ¥ _ _
:WL[Normal pdf withm=0ands ? = (1- 2t) 1] iz
1
:m, for t>0.

By the uniqueness theorem, this is the moment generating function of a chi-square random
variable with one degree of freedom.

Now we know that if Z~ N(0), then Z? ~c,”>. We have previously shown that the

sum of n independent chi-square random variables with one degree of freedom is a chi-
sguare random variable with n degrees of freedom. These results lead to the following:

Given VY,Y,,..Y, , independent random varidbles with Y ~N(m,s®) and

7 =X"™ _ N1, then § Z7~c 2.

The beauty of moment generating functions is that they give many results with relative

ease. Proofs usng moment generating functions are often much easier than showing the
same results using density functions (or in some other way).

Multivariate Moment Generating Functions
Following are several results concerning multivariate moment generating functions:

myy (sit) =EE¥™)
M,y (0,) =E(e™) =m, (t)
m, v (s,0) = E(e*') =m, (s)

The following theorem will be important for proving resultsin sections that follow:

Theorem: U and V areindependent if and only if m,, (s,t) =m, (s)>xm,(t).
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