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Estimators and Parameters

Populations are characterized by numerical measures called parameters. In many datistical
applications, we want to use information from a sample to estimate one or more population
parameters. An estimator isarule that tells us how to calcul ate the value of an estimate based on

measurements contained in a sample. We will use the symbol & to indicate the point estimator of
apopulation parameter g . Of course, we want to use “good” estimators. One characteristic of a
good estimator is that the mean of its sampling distribution equals the parameter value.

Estimators with this characteristic are said to be unbiased. That is, & IS an unbiased estimator of
q if E(§)=q. Otherwise § is said to be biased, and the bias of § isdefinedas B=E(®§)- q .

There are other desirable characteristics of estimators, for example, we desire that the sampling
digtribution of the estimator have small spread. We define the mean square error of & as
MSE = E[(d- q)*]. Thisisthe average value over all possible samples. The mean square error
of an estimator provides information about its spread and is a function of both the variance and

the bias, as the following theorem states.

Theorem: MSE(d)=V(§) + B

Proof: MSE = E[(d - 9)°]

e[(6- e +E@- o | =€ {8 Ed)+(E®- )}

_ E{{(a- E@)+ B}z} -€[(§- E@) |+ [28d- @] [e7]

=V (@) +2B>€l§ - E(@)]+B* =V(§) +2B>0+B?
=v(d)+8’

MSE can help us decide between several possible estimators for the same parameter. We prefer
estimators with small mean square error. Often, however, there is a tradeoff between bias and
variance.

Probability or I nference?

The following examples involving keys on a key ring are provided to illustrate the difference
between probability and inference.

Probability Example: Suppose we have a ring with three keys, and we are trying to find the key
that opens a particular lock. We try one key, and it does not work. We move it aside and try
another key which does not work. As expected, since there are only three keys, the third key
opens the lock. What is the probability that this would happen? Let F represent a failure and S
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represent asuccess. Then p(FFS)z%%XL:%. In this example involving probability, we begin

by knowing what the world is and then ask questions about probabilities.

Inference Example: Now suppose we do not know the number of keys, N. We are trying to use
data to estimate N. We will again assume that our data are FFS, as described above. So we
know that N must be greater than or equal to 3. One strategy for determining the value of N isto
consider all possible values of N and choose the value for which the observed result is most likely.

N [ p(FFSN)
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It should be obvious that for larger values of N, the probabilities will become smaller. Therefore,
the value of N for which the observed result ismost likely is N = 3.

We will now consider two commonly used techniques for deriving point estimators. method of
moments and maximum likelihood. The previous example illustrates the method of maximum
likelihood.

M ethod of Moments Technique for Deriving Point Estimators

Recall that we previoudy defined the kth moment of arandom variable as
kth moment = mg = E(Y").
The corresponding kth sample moment is defined as

kth sample moment = mg = %é Y

i=1

The method of moments was developed by Karl Pearson in 1894. It is based on the assumption
that sample moments should be good estimators of the corresponding population moments. The

method involves setting E(Y*) = 1 A Y* and solving for the parameter.

i=1
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Example 1
Let Y,Y,,..,Y, be independent identically distributed uniform random variables over the

continuous interval from 0 to g where q is unknown. Use the method of moments to estimate
the parameter q .

Solution:
We know that for a uniform distribution on (0,q) , the first moment mg=m= E(YY :%. We

also know, by definition, that n}t:%é Y =Y. To get the method of moments estimator, set

i=1

m{ =mg, that is set %:\7, and solve for the unknown parameter q. Solving yidds q =2Y; so

the method of moments estimator is d = 2Y .

Example 2
Suppose VY,,Y,,...., Y, denote a random sample from the exponential distribution with parameter b .

Find the method of moments estimator for the unknown parameter b .

Solution:
f(y)=%e'wb m=m=E(Y)=b mpzié\qz\?

i=1

Set the theoretical value of the first momentb equal to the sample value Y. Thus, using the
method of moments, B =Y

Example 3
Suppose Y, Y,,...,Y, denote a random sample from a Poisson distribution with mean | . Find the

method of moments estimator for | .

Solution:
g =n=E(Y) =] mp:%é\q:\?

i=1
Set | equa tothesamplevalue Y tofindthat B =Y using the method of moments.
Example 4

If Y,Y,,...,Y, denote a random sample from the normal distribution with known mean =0 and
unknown variance s ?, find the method of moments estimator for s °.
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Solution:
SinceszzE(Yz) gE (Y )H we have mg= E(Y?) =s 2+[E(Y)] =s ?+nf =52
=14 ¥’
Nz
Set s 2 equal a Y? to find that Eé Y? by the method of moments.
Niz

i=1

We can use the method of moments to investigate more than one parameter at the same time.
Thisisillugtrated in the example that follows.

Example 5
If Y.,Y,,....Y, denote a random sample from the normal distribution with unknown mean nm and

unknown variance s 2, find the method of moments estimatorsfor m and s ?

Solution:

This solution issmilar to Example 4, but requires usto set up a system of two equations in two
unknowns.

m=EY)=n np:%a\q:\? so =Y
mg= E(Y?) =V(Y) +[E(Y)]? =s 2 +nf mgt:%én y2

n
Set $2 + &t =Eé Y? and solve for the parameter $%

Nz
n
$2 Eé\( &f = Y Y? (usng Y toestimate m since h=Y)

nI:l |1

n
:EéYIZ-V2+V2 aY2-2V2+V2

Nz Nz

J

1g —aYI 1 o, 1(¢ . -
=-Q Y- 2Yisl+onv? =—[é Y- 2YQ Yi+nv2j
Nz n.n iz i=1

1 é] 2 _é] é] 2 1’;] 2
=ZlAY - YA+ Y =S4 (Y- 29V +Y?)
Nz =1 =1 Nz

1g —\2
=-a(¥-v)

1l
[y

3 —\2
a(y-v)
So the method of moments estimators are =Y and $2 = 'ZlT
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Estimators derived by the method of moments are used less frequently than maximum likelihood
estimators, which will be discussed in the section that follows. They are still useful, as they are
generally easy to calculate. Often, however, the method of moments estimators are biased. We

g —\2 Py 52
a(v-v) a(v-v)
have already seen that ':1—1 rather than == jsan unbiased estimator of s 2.
n- n

Maximum Likelihood

We have previoudy developed the method of moments for estimating population parameters.
Sample moments were equated with corresponding popul ation moments and the equations solved
for the population parameters; these solutions provided estimators for the population parameters.
The method of moments is intuitively pleasing and easy to apply, but may not lead to the "best"
estimators, i.e. estimators with minimum variance and no bias.

We will now present a different approach to estimating parameters, the method of maximum
likelihood. The method of maximum likelihood attempts to determine the "most likely" value of a
parameter by calculating the conditional probability of getting the already acquired data, given
different values of the parameter. Likelihood assumes the data to be fixed and treats the
parameter as a variable. The process involves the construction of a likelihood function with
domain all potential values of the parameter. The maximum likelihood estimator of the parameter
is the function of the data that maximizes the likdihood. This method may be used to find
estimates of multiple parameters from the sasme data: for example the mean and variance.

Definition of thelikelihood
Let v,,Y,,..., Y, besample observations taken on corresponding random variables,

Y., Y,,.... Y, whose distribution depends on aparameter g . Then, if Y,,Y,,...,Y, are
discrete random variables, the likelihood of the sample, L(y,,Y,,...,Y.ld), is
defined to be the joint probability of vy,,Y,,...,y,. (Despite the complicated
notation, L isafunctionof q.) If Y,Y,,...,Y, are continuous random variables,
the likelihood L(Y;,Y,,....Y,ld) is defined to be the joint density evaluated at

YirYoreer ¥y

To find the maximum likelihood, we find the probability of the observed data given a specific
value of q and choose the value of g that givesthe largest probability.

If the set of random variables V,,Y,,...,Y, denotes a random sample from a discrete distribution
with probability function p(ylq), then
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L(Y1 Youoe- Yald) = P(Y, = V1, Y5 = V0 Y = Y, 001)
= p(y.la)>p(y,la ) »<p(y,la)

If the set of random variables Y,,Y,,...,Y, denotes a random sample from a continuous distribution
with density function f(ylq), then

L(Ye: Yoo Yol0) = £ (V1 Voo Valal)
= £ (yula)xf (y,la)=f (y,la)

Notational convenience: To simplify notation, we will sometimes suppress the y;'s and denote
the likelihood by L, or L(q).

Example 1
Suppose we have a box with 3 balls, g of them red and 3- g of them white. We will sample,

n =2, without replacement and record the number that are red, y; our problem is to estimate the
number of red ballsin the box. Suppose that the 2 balls we select are both red, that is, we observe
y=2. Notice that since we have already acquired two red balls, the only possible values of g

aretwo and three.

Ifq =2,
2\1
L<v=2|q=2>=P<y=z|q:z>=@:
Ifqg=3

B
Ly=2q=3)=P(y=29=3=7=1
B
In this example, the value of g =3 makes the data most likdy; of all possble values of the
parameter, we pick the value that maximizes the likelihood of getting the results: g MLE = 3-

Example 2
We will now reconsider the 3-ball problem in Example 1 under the assumption of different data.

Suppose again the box with 3 balls, g of them red and 3- g of them white. Again we sample,
n=2 balls, without replacement. Thistimelet y=1, i.e. one red ball and one white ball are
drawn; our problem is once again to estimate the number of red balls in the box. This time we
have acquired only onered ball, and possible values of q are one and two.
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Ifq=1

L(y=49=1)=P(y=1q=1)= @ :%
Ifq=2,
2\(1
L(Y:”q=2)=P(y=ﬂq:2):[1)[1):%

In this example, the data are equally likely for both possible values of g. (Maximum likelihood
estimators are not necessarily unique.)

Example 3
Let V,Y,,....Y, bearandom sample of observations from a uniform distribution with a probability

density function f(yi|q)=E for O£y, £q and i =12,...,n. We want to find the maximum
q
likelihood estimator of q .

In the continuous case the likelihood is given by:

L(Yu Yore Y la) = L(a)
=f (v la)xf (y,|a)»xf(y,|q) (Becauseof independence.)

|1
:O_

i=1 g

‘I n
_18819 Ofy £q,fori=12L n
=i &p’

{ 0, dsewhere

Since al sample values must be between 0 and g, we know that g must be greater than or equal
to the largest sample value. Of all these possible values of q , the maximum value of L(q) occurs

where q isassmall as possible. Thus, éMLE = maximum {y,,V,,...,¥,}. Notethat in this case,

the maximum likeihood estimator will generally underestimate the true value of q and therefore
will be biased low.
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Lig) & must be greater than
or equal to the sample max

Sample Max

Figure 5: Maximum Likeihood Estimator of g .

Example4
We will now generalize the results of Example 3.

Often, we are interested in the relative magnitudes of observed random variables. Perhaps we
want to know the maximum wind velocity or the largest rainfall. We will, therefore, order the
observed random variables by their magnitudes. The resulting ordered variables are known as
order statistics. There is a common notation for these order statistics. If Y,,Y,,...,Y, denote

continuous random variables, then the ordered random variables are denoted by
Yo Y2 Yt Y, Where the subscripts denote the ordering. This means that

Yy EYg EYg EL £Yy-

Let Y,,Y,,...,Y, denote independent continuous random variables with distribution function F(y)
and density function f (). We can use the method of distribution functions to derive the density
function of Y, = max{¥,,,,...,Y, } .

Y

odf (y)=Fiy (¥) =P (Y £ )
=P(,EY.Y,£Yy..Y,£Y)

3 =max{Y,Y,,..., Y,}

Y
= P(Y, £ y)since Y;'sareindependent

i=1

=gr (y)§ . since Y, 'sareidentically distributed.

Letting g(n)(y) denote the density function of Y, we can find g(n)(y) by differentiation:
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iLIfOEYEL
Toillustrate this general result, supposethat Y ~U[01]. Then f(y)= :'l ! y
10, esawhere

Then the distribution function and density function for Y, are defined as follows:
0, y<o0

We now find the expected value of this random variable, Y :
_ b
(o) = Q29 (V)
l z n- ~
=QYEV" Hly
1
=Qny"dy

n+1l

y
n+1

n

_n+1

For ecample, if =1 E(Y, ) =E(Y,) = =5 I n=3 E(Y,)=E(%) =52 -

y=1
=n

y=0

MW

Similarly, it can be shown that for Y, ~U[0,q], E(Y(n)) :niq :

Example 5
It should be pointed out that though the theory was developed for a continuous uniform

distribution, the results provide very good approximations for discrete uniform distributions.

Consder the "Petit Taxis' in Marrakech. These taxis are numbered sequentidly 1.2,...,q.
Suppose we observe six taxis randomly and note that the largest taxi number in our sample is
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Y =435. If the numbers are uniformly distributed over [12,...,q], the maximum likelihood

estimatefor q is y, = 435. Since E(Y(G)) =6—ilq , we set g& = 435, and § =£(435) =5075

Our "unbiased correction” to the maximum likeihood estimate of 435 estimates of the number of
Petit Taxis at 508.

Example 6
A binomial experiment consisting of n trials results in observations, v,,Y,,...,Y,, where y. =1 if

the ith trial was a success, and y, = 0 if the ith trial was otherwise. Then the likelihood function
for these trialsis defined as follows:

L(Ye Yoo Yo | B) = P(Y. = V0. Y2 = Voo Yo = ¥, | D)
=P(Y, =y, | p)P(Y, =y, | p) P (Y, =y, | p)
= p‘%lyi (1- p)n-éyi .

The order in which the particular y,'s are drawn does not matter. The probability function of y

SUCCESSES, y:éyi,is;

i=1

i=1
Alternately, we could define the likelihood in terms of Y =total number of successes. The results
are the same.

n
Note that for purposes of finding the maximum likelihood estimator of p the factor [ ) is
y

superfluous. For any given combination of y.'s, the é y, will be equal to y and we could choose

adifferent likelihood function that will reach its maximum at the same value of p. Remember that
we are not finding the value of the likelihood functions, only the value of p at which the functions
have the maximum value. We can search for the p that maximizes L(p). Two special cases

suggest themsdves immediately. If y is zero, each of the y's will be zero, and

L(p)=p°(2- p)" =(1- p)". Therefore, L(p) reachesamaximum at p=0. If p isone, each of the
y,'swill beone, L(p)= p"(1- p)’ = p", and L(p) reaches a maximum at p=1. In each of these

n
instances, there is only one possible distinct outcome of the experiment, so [yJZI in the
likeihood function. For values of y strictly between 0 and n, we can find the maximum likelihood

by differentiation:
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a0 "
L(p)=¢c =p’(1- p)"’
(p) Sy (1- p)
dL sl ., d . vy d

——=c =i P —Hl- p)  l+(1- p P’y
R Rrvt: S M= b

g% G URCDRR IS SRS

zglfgp“(l- p)"""& p(n- y)+(1- p)yH

amo[ . n-y-
Y pt(1- p)" " [y- pn]}
y
By inspection we see that the factors p** and (1- p)™” " are greater than zero for all values of p.

Thus the sign of the derivative will be determined by [y- pn]. The derivativeis zero for p= % ,

positive for p<X,and negative for p>X. Thus, the maximum likelihood estimator for pis:
n n

_y
ﬁMLE _H-

Example 7
While not a particular problem in Example 6, it sometimes happens that maximizing the likelihood

function L(Y;,Y,,....Y,ld) requires tedious algebra due to differentiation of a plethora of
products. Since the natural logarithm function is a monatonic strictly increasing function, both
L(Yy, Yoo Yala) @ IN[L(Y;, Y., Vala)] will have the same solution(s) for their relative
extrema. For illugtration, we will find f,, - for the function in Example 6 using logarithms. As

before, L(p)=(r;)py(l- p)"”, and...

I L(p)] = In(;j+ yInp+(n- y)in(1- p)

dip{ln[L(p)]} =0+ ydipln p+(n- y)dipln(l- p)

S R

p 1-p

To find the maximum likeihood estimator we maximize our likelihood function by setting the
derivative equal to O.
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—dnL =0
o Ent(P)
b X_M:O
p l-p
P p:X
n

Checking the second derivative to determine whether we have a maximum or minimum value at

p—X we have
n

deéy n-yi_-y (D(-y)(1)_ B n-y 0
dp&p 1-pu p° (1- p) $p (@ p)

which is negative for al values of p and certainly for pzln/. Thus, using this equivalent

procedure, the maximum likelihood estimator for p is (once again):

_y
ﬁMLE _H

Example 8
Let v,,Y,,..., Y, bearandom sample taken from a normal distribution with mean nr and variance

s 2. We would like to find the maximum-likelihood estimators, #, . and $%w.e respectively.
Since the random variables, V,,Y,,...,Y,, are continuous, L is the joint density function of the

sample: L(Y,, Y, YoIms ?) = L(ms ?) = f(y,, Y,..... Yolms ?).  Since the sample is random
and therefore independent,

L(ms *)= £ (3 Ims )<t (y; 1ms *)wct (y, [ ms ?)

B SO 5.0 S SO 7S W0 SO ol 1
VB g B gisvm g B g svm g B g
n} 6 (v _ )2 00 & (v - m2 il
=§e - -!expe—(és Uy expe—: o ? )ijy_’%@(pe—: (yznszm)tg;
2 thi 8 bh i & b
e 1 0 &4 -1 20
= - exXpa - M)
Sz s PR s My
@1 0 _ é-18 20
“Sovm s P Mg
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Qo

Substituting én (y,- m)*=

i=1 i

(y; - )7)2+n()7- m)2 (see page 23), we have

1
n

1

2N

Ly y) +n(y- m)

N

z)zae L 8

sv2p 252

1 6 1 40n = =
InL(ms 2):nln§eﬁ§- Ega e y) +n(y- m)’

L(ms exp\{l-

Q- O

o

We note here that the only occurrence of i isin the term with a negative coefficient. Thus, for
al valuesof s ?, setting m =y will maximizethevalueof In(L) . That is,

InL(y,s?)3 InL(ms?) forall valuesof s 2.

More formally, we could take the partial derivativesof InL(ms *) with respectto r and s 2.

1 . T€é &1 o6 1 é¢ \2 _ >0U
L ingL =1 Znl o = %A (y- - m)2
ng (mS )H ‘ngn ngs@b Zszgia:.l(y. y) +n(y m) Hﬁ
1 n,_
= Lon(y- (9= (y-m

Setting this partial derivative equal to zero yidds m=y .

Thus, fh, . =y isthe maximum likelihood estimator of the mean.

Ting (ms*)i_ 1 1

o
- ’ __I 2 i - s
fis ? 15218 o2 )y gz (vi- ) tp

Setting the derivative equal to 0 and solving, we have:
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n 1 & A2
- + -m) =0
25"2 25A4§|_(yl )
1 & A2 n
25"4 a—]_(yl - ) = 25"2
ay-nm
S"2: i=1
n
aw-yy
Thus, $%ue ==L isthe maximum likelihood estimator for the variance. Notice that the
n

maximum likeihood estimator for the varianceis a biased estimator.

Sufficient Statistics

In general we would like to use a statistic that “summarizes’ or “reduces’ the data in a sample
without losing any information about parameters of interest. Such statistics are said to have the
property of sufficiency.

Definition: Let Y,,Y,,..., Y, denote arandom sample from a probability distribution
with unknown parameter q. Consider some statistic U = g(Y,,Y,,...,Y,) whichis
a function of the data U is sufficient for q if the conditiona distribution of
Y., Y,,....,Y, given U does not depend on q .

Numerical Example

A certain game, which costs $50 to play, consists of drawing a card from a non-standard deck of
cards. If a red card is drawn, the player wins $100. The parameter of interest is q = P(red) .
There are two decks of cards available for this game. Dan holds these decks and each day
chooses which deck to use. If heisin a good mood he uses the deck with g =3/4. When heis
in a bad mood he uses the deck with q =1/3.

On a certain day Jon plays twice, not knowing which deck is being used, and gets v,;,y, where
y, =1 if thecardisred and y, =0 if the card is black. Jeff isinterested in playing that day, and

he would like to know how Jon’s draws turned out so that he can get some information about his
chance of winning. (He obvioudly prefers to play when Dan uses the deck with g =3/4.) Jon
reports that he got 1 red card. That is, he reports that the value of u=y, +y, isone but does not

report the individual values y, and y,. We want to determine whether Jeff has lost information
about q by virtue of Jon reporting thesum u =y, +y, rather than the individual outcomes.

First we will look at the sample spacefor Y,,Y,. Thisisdisplayed in the table below:
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Sample Y,,Y, | U =Y,+Y, [ Probabilityif q=3/4 | Probabilityif q= 13
0,0 0 144 = 1/16 2/32/3 = 4/9
0,1 1 1/43/4 = 3/16 2/33/3 = 2/9
1,0 1 3/44/4 = 3/16 1/39/3=2/9
11 2 3/48/4 = 9/16 1303 =1/9

As we see in the table above, if U =0 then q =% is more likely than q :731. If U =2, then

3. . 1
=— ismorelikdy than g ==.
d 4 Y g 3

This sample space will be useful in looking at the conditional distribution of VY,,Y, given U for

each value of g. If the conditional distribution is the same for each value of q we can conclude
that U issufficient for g. Thisconditional distribution is provided in the table bel ow:

Sample .Y | P(Y,Y,[U =0) | P(Y,Y,U=1) | P(Y,Y,U=2)
g=3/4 q=13 | q=3/4 q=1/3|g=3/4 q=1/3

0,0 1 1 0 0 0 0
0,1 0 0 Yo Yo 0 0
1,0 0 0 Yo Yo 0 0
11 0 0 0 0 1 1

*Note from the previous table that 0,1 and 1,0 are equally likely outcomes when q =3/4 and
U =1. Theseareadso equally likely when q =1/ 3.

Since the conditional distribution for Y,,Y, given U isthe samewhen g =3/4 and q =1/3, we

can conclude that the conditional distribution does not depend on . Thus, U issufficient for g .
All the relevant information about q is contained in reporting the value of U. That is, U
provides all the information about g that the sample provides, and knowing the chronology of the

valuesof Y,,Y, isnot rlevant in determining P(red). The sample proportion (in thiscase p= %)
isaso asufficient statistic for p.
Instead of the sum, suppose Jon reports the value of d =y, - y,, but he does not report the

individual values of y, and y,. We want to determine in this situation whether Jeff loses

information about g by virtue of Jon’s reporting the difference rather than the individual values.
To answer this question, we will again look at the sample space for Y,,Y,. This table is displayed

bel ow:
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Sample Y,,Y, | D=Y,- Y, | Probahility if Probability if
q=3/4 g=13
0,0 0 1A4/4 =116 | 2/3%/3=4/9
0,1 -1 14384 =23/16 | 2/3/3=2/9
1,0 1 344 =3/16 | 1/32/3=2/9
1,1 0 3/48/4=9/16 | 1/34/3=1/9

Now look at the conditional distribution of Y,,Y, given D for each value of q. This conditional

distribution is provided in the table bel ow:

Sample V.Y, | P(Y,,Y,|D=-1) | P(Y,Y,|D=0) | P(Y,Y,|D=1)
g=3/4 q=13 | q=3/4 q=1/3|gq=3/4 q=1/3
0,0 0 0 /10 4/5 0 0
0,1 1 1 0 0 0 0
1,0 0 0 0 0 1 1
1,1 0 0 9/10  1/5 0 0

Notice from the column for P(Y,,Y,|D =0), it is clear that the conditional distribution is not the

same for each value of q; that is, when D =0, the conditional distribution does depend on the
valueof q. Thuswe concludethat D =Y, - Y, is not sufficient for . If D=0, we would like

to know if the data were (0, 0), which makes q :% look likely, or if they were (1, 1), which

makes q :g look likely.

Theoretical Example
Let Y.,Y,,..,Y, denote independent and identically distributed Bernoulli variables such that

P(Y, =) =q and p(Y =0)=1- g. Wewant to show that U =4 Y issufficient for q .

PV, =¥,Y, = ¥5,...,Y, =Y, andU =u)
PU =u)

PV =Y.,Y, = Y5, Y, = Yn|U =u)=

_ PV =Y, Y, = Yo, Y, = Y,) PU = U|Y1 =V Yo = Yo Y = Y,)
PU =u)

Notethat P(Y,=Y,,Y, = ¥,....Y, = y,) =q°1(1- q) 15g"2(1- q)" 2..q°(@- @)
- qyl+y2 +"-+yn (1_ q)n' (yl+y2+'"+yn)

=q"(1-q)™"
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Notealso, PU =ulY, = y,,Y, = ¥,,....Y, = y,) =1, if m= Ay .,and PU =u) = 844 “@-og)"

for u=012,...,n. So,

U Ljf m= ,
q°(- q) wif M=3.

L
=|

w_;q @-q)"* {0 otherwise

Ug

&IO

&my

PV =YY, = Yo, Yy = Yn|U =u)=

This probability does not depend on q , so we concludethat U =&Y issufficient for q .
Note: If wetried to show that U =y, issufficient in this setting we would fail!

The following theorem provides a useful way to show sufficiency.

Factorization Theorem: Let U be a datistic based on the random sample
Y., Y,,...,Y,. Then U isasufficient statistic for the estimation of a parameter q if

and only if L(yl,yz,...,yn|q):g(u,q)>h(y1,y2,...,yn) where g and h are non-
negative functions, g(u,q) is a function only of u and q and h(y,,v,,...,¥,) is
not a function of q .

We will not prove this theorem.

Example 1
Let Y,Y,,....Y, denote independent and identically distributed Bernoulli random variables such

n

that P(Y =1)=q and P(Y, =0)=1-q . Showthat U = § Y issufficient for q.
i=1

Solution:

L(Y1 Yarees Yald) =0 (L- @) Y09 (1- )" V%9 (1- )t

=q* Y (1- )"
=q"(1-q)""x
=g(u,q)°h(yy, Yo,--, )

where g(u,q) =q"(1- g)""and h(y,, Y,,....¥,) =1

n
\ U =g Y issufficient for q by the factorization theorem.
i=1

Example 2
Let V,Y,,...,Y, bearandom samplein which Y, possesses the probability density function

f(yla)= —yfl 'e¥ for y >0. Showthat U = OY isasufficient statistic for the

Ga) =

estimation of a .
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Solution:
1 any. 1 a1 aa 1 an

L(V.,V,,..., = % Y2 ¥s Y
CAAAEY sa)t € ¢ e e ey e

® 1 0 a-1 -3y

“8c(a): (3,095 % >y, ) e

4]

_%1 9n a-1 ay

- Ga)g(u) ©

=g(ua)*h(y,v..Ky,)

'é.)’i.

Y
Therefore, U = QY issufficient for a by the Factorization Theorem.

i=1
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