I ntroduction to Hypothesis Testing

In  Consumer Reports, April, 1978, the results of a taste test were reported.  Consumer
Reports commented, "we don't congder this result to be datidticadly sgnificant.” At the time,
Miller had just bought Lowenbrau and Consumer's Union wanted to know if people could tell
the difference between the two beers.  Twenty-four tasters were given three carefully disguised
glasses, one of the three with a different beer. The tasters were attempting to correctly identify
the one that was different.

Lowenbrau Miller Miller
Figure 5. Three glasses of beer
Here we have a draightforward binomid hypothess, i.e. that the tasters cannot tell the
difference. Wetest H,:p :é agang H,:p >% , Where p denotes the probability of a

. . . . 1 .
correct choice.  Note that there is no consideration of p < 3 since that would have no

meaning with respect to the capabiilities of tasters. There is a naturd (and sufficient!) Satidtic,
Y =number of successes by the tasters. If there is random guessng, or the experiment is
modeled as random guessing, and H,, istrue, then

E(Y):np:%><24:8

If we get 8 successes, that is congstent with random guessing; if we get 9, that's better than
guessing, but that could happen by chance. In fact, the probability of guessing correctly exactly
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Figure 6: Digribution of Number of Correct Guesseswith p = %

When should we relect H,? Where do we draw the line to set off our rgection region?
Somehow we need a critical value, y,.. That is, we need avaue of y for which our decison
will betorgect H, if y3 y.. Ishaving 11 or more correct sufficiently unusua to cause usto
doubt the probability is one-third, or do we need stronger evidence?
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Wherever we draw the line we could make amistake! Here are the possibilities:

Truth about Null Hypothesi's

H,: True H,:Fdse
Decison Based Fail to Regject Correct Typell error
on Data Regect| Typel eror Correct

We don't treat the two types of errors equally. We discriminate on purpose againgt regecting a
true null hypothes's; we are conservative and want to make no clams of a fase null hypothesis
without good  evidence. Tha is we want P(type |  error)
= P(reject H, |H, |strue) tobesmall. P (typel error), denoted by a , can be determined

once we know the form of the critical region. We decided previoudy to reect the null
hypothessif y3 y.. Therefore, we can find the probability of getting a set of outcomesin the

critica region given that the null hypothesisistrue:
P(type! error) = P(Rejecting H,|H, istrue)
—Pa?/ Y| p——-
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y= ycgy QSBQ gﬂ

We might, for instance, settleon avaue of a =.05 asacutoff point for this probability. Then,
we can cdculate the following probabilities of type | error given possible cutoff valuesof vy, :



y, =12, P(type| error) =0.0677 > 0.05
y, =13, P(type| error) =0.0284 <0.05

Our rejection region, based on these resuilts, would be: {y: y* 13 which tellsusto reject the

null hypothesisif y is greater than or equa to 13, and fail to rgject if y islessthan 13.
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Figure 7: Digribution of Number of Correct Guesses with critical vaue at 13

Consumer Reports found eleven correct choices and concluded the results were not statistically
ggnificant. The p-vaue isthe probability that we would get aresult as extreme or more extreme
than we did, if the null hypothesisistrue. For the present study, thiswould be caculated:

(2)4 4 Y L24-y
p-vaue= g o 06@9 a@g =0.14
y:llgy }3!3 83!3

Now we want to consider the possibility that we made atype Il error in deciding not to reject
H, . The probability of atypell error, commonly denoted by b, isafunctionof p, n,and a. In

thisexample, nisfixedat 24 and a = 0.05. a is, infact, 0.0284.

b = P(typell error)
= P(Fail torgiect H, | p)
=PgYE(Y.- 1)l pg:

In the last probability statement, y, - 1 is used because the distribution is discrete.  For
example, { y<13}={y£12}. For acontinuos distribution, we would have

Ply£y.|p].

For example:
If thetrue vaue of pis 0.5,
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b=Pgr£(y.-1)| p=05§
= P[Y £12| p=0.5]
=0.581
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Fgure8: Didribution of Number of Correct Guesseswith p = %

If thetruevaue of pis0.7,
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b =Pgr£(y,-1)| p=0.7j
=P[Y£12]| p=0.7]

=0.031
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Figure 9. Digribution of Number of Correct Guesseswith p = 0.7

These examples show that the probability of type Il error is affected by the true value of the
parameter. Other factors which affect the type Il error are the leve of the test, a , and the

samplesize, n.

Power
Suppose that W is the test satistic and RR is the rgjection region for atest of a
hypothesis involving the value of a parameter . Then the power of thetest is
the probability that the test will lead to regection of H, when the actud



parameter value is . That is, power (q) = P(Win RR when the parameter
vaueisq).

We usudly cdculate the power of a datistical test againgt a pecific dternative by subtraction,
thus power is 1- the probability of atype Il error, or 1- b. Therefore, the power of the test
againg the dternaive p = 0.5 is 0.419; the power of the test againg the dternative p = 0.7 is
0.969. We can think of the power of atest as measuring the ability of the test to detect that the
null hypothessisfdse.

By repeating the caculations above for different assumed true vaues of p, we can create atable
of vduesfor b and power, and construct a graph of the power function for n = 24, a = 0.05.

Probability Beta Power
0.40 0.886 0.114
0.45 0.758 0.242
0.50 0.581 0.419
0.55 0.385 0.615
0.60 0.213 0.787
0.65 0.094 0.906
0.70 0.031 0.969
0.75 0.007 0.993
0.80 0.001 0.999

Beta
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Figure 10: Betaand Power Curves

Sign Test

The Sign Test is a nonparametric test that dedls with continuous random variables by converting
them to binary aternatives. We take our data values and classify each as greater or less than
the hypothesized median, i.e. we look a the sign of the value minus the median (stated in the null
hypothesis), which we denote as m,. The structure of the hypothesisis:
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H, population median =m,
H_ population median® m,

We define a random varigble, Y :%1’ I_fyi "M

' 70ify < nbf\;
observations which are grester than or equa to the median. Then, Y ~ binomid with
probability of "success' equa to one haf under the null hypothesis. The disadvantage to using
the sign test ingtead of at-test, for example, isaloss of power inthetest.

, wWhereY, counts the number of

Most Powerful Tests. Neyman-Pearson Lemma

In hypothesis testing Situations, there are often severd datistical tests from which to choose.

Idedlly we prefer tests with smal probabilities of type | and type Il error and high power. That
is, we prefer to use the test with maximum power, often referred to as the most powerful test.
When we are testing a simple null hypothess H,:q =q, versusasmple dternative hypothess

H,:q =q,, the following theorem provides the method for deriving the most powerful test. In

the previous example, we consdered H, :q, = % and

H,:q, :%. Are the datamore likdly with g, or q,?

a

Theorem: The Neyman-Pearson Lemma:
Suppose we wish to test the smple null hypothess H,:q =q, versus the

smple dternative hypothess H,:q =q,, based on a random sample
Y, Y,,....,Y, from a digribution with parameter q. Let L(q) denote the
likelihood of the sample when the vaue of the parameter is q . Then for agiven
a , the test that maximizes the power & q, has arejection region determined

¥ ey ™

If the data are unlikely &t q, reldiveto q,, reject H,. Wewill not prove the Neyman-Pearson
Lemma, but we will provide saverd examples to illugtrate application of this theorem.

Essentidly we will need to examine the retio of likdihoods % and choose the rgjection
da
region that makesthisratio “smdl.”

Exanple 1
Suppose that Y represents an observation from the probability dengty function given by

62



lgy"', 0<y<i
f (i) :%((q),yq else)\/Nhere.
We want totest H,:q =1 versus H, :q =2. Find the most powerful test with sgnificance
levdl & =10.

Solution:
Since we have only one observation, the likelihood function is Smply the probability densty
f(yla,) _ f(ya=1 _ 1

function. SoL(qO) = = =— for 0<y<1. According to the Neyman+
L@) f(yla) f(ya=2 2y

Pearson Lemma, the form of the rgection region for the most powerful test is Zi <k, or
y

2y>%. This inequdity can be rewritten as y >c where ¢ =2_1k and can be interpreted as

“rgect H, if andonly if y istoo large” The exact vdue of ¢ depends on the leve of the test.

A graph showing the two density functions f (yjg =) =1 and f(y|q =2) =2y, isshown
below.
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Figure 11: Density functions f (yjg =) =1and f(y|g =2)=2y

Looking at the graph we see that small values of y are more congstent with the uniform density
function and thet large vdlues of 'y are more consstent with the f (y) =2y densty curve.

To determine the vaue of ¢ for which y>c leadsto rgection if Hy:q =1 is true, we set
a =.10 equd to the probability of rgecting the null hypothesiswhenitistrue. Thet is,

10=P(y>cq=0=gldy=y

t=1- ¢ andsolvefor c=0.9.
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Figure 12: Reection region

Notice that the probability b of typell error for thistest is
P(fail torgect H,:q =1whenq =2)= P(y£0.9q =2) = Q'QZydy: y2|8'9:0.81.

Thelargevdue of b for thistest results from the smdl sample szeused (n=1). Though b is
large, this test has the smallest possible b among al tests for H,:q =1 versus H,:q =2
based on samplesizeoneand a =0.10.

Example 2
Let V,,Y,,....Y, denote a random sample from a Bernoulli-distributed population with

parameter . Let U =3 Y,. Derive the most powerful test for tesing Hyq =1/2 versus

i=1
H,:q=%3.

Solution
L) =L (1/2) = gel"g@—“ L@ =L(Y3)= ffo ‘fé;’
L@o) - (12) W/2) (i/2) " _a86" 1 _a80 .,
L@.) (¥3)'(2/3)"(2/3)° &4p 2° &4p
Reject H, |fandon|y|f§e§°2“<k or 2" < g"‘_‘ok Kk,

Taking logarithms werdect if and only if uln2<Ink =k, or u<|k—:k3
n2

\ Reect H, ifandonlyif U = § Y, istoo smal.

i=1
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Figure 13: Reect H, ifardonlyif U = q Y, istoo smdl.

i=1
Notice that we have used the Neyman-Pearson Lemma to derive the form of the rgection
region. The actua reection region will depend upon the specified vadue for a . With large
samples, instead of examining U = g Y, to decide whether or not to rgject H,, when working

i=1

qA - Qo
/qo (1' qo)
n

It can be shown that the most powerful test for H,:q =1/2 versus H, :q =1/4 leads to the

with Bernoulli trids, we typicdly condder Z = and regject H, if Z istoosmdl.

same conclusion to rgect H, if U= Y, is too smdl. Smilaly, whenever tesing
i=1

H,:q =1/2 versus H,:q =q, with g, <1/2, the same rejection region decison applies.

That is, the form of the rejection region depends only on the fact that g, <q,, not on the

particular choiceof g, . Thusthetest result found above (to rgject H,, if U or Z issuffidently

amal) is referred to as uniformly most powerful since it maximizes the power for every vaue
of g lessthan q,.

Example 3
Let V,,Y,,...,Y, denote arandom sample from a population having a Poisson distribution with
mean | . Find the form of the rgjection region for a most powerful test of H,:1 =1, versus
H,:l =1, whenl, >I,.
Solution
| Ve
foih=—
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Taking logarithms, wergect H, if and only if a y, ¥n g—_<ln(kl) K,

i=1

a&,0
Recdlthatla>lo,so||—°<1and Inc—=-+<0.
a € ag

\ Reect H, if andonlyif § vy, >——2—.
° i=1 |n(|0/|a)

That is, rgect H,, if and only if é y, istoolarge. Thus, if wewant to test | =2 messages
i=1

per hour on email againg the dternative | =4 messages per hour, we would regject the null

hypothesis if we have too many messages. If we had tested, instead, |, <I ,, for example,

| =2 messages per hour on email agand the dterndtive | =0.5 messages per hour, dl of
the work above would be the same except for reverang the inequdity in the lagt line. The result
would be to rgect the null hypothesisif the number of messagesistoo smal. However, thereis
no uniformly most powerful test for H_:1 1

In each Stuation, the results of the Neyman-Pearson Lemma match our intuition. It doesn't give
us any counter-intuitive or surprising result, but adds support to the methods that are taught in
the first year gatigtics course. As we shdl see in the next section, the sandard t-test is an
example of agenerdized likdihood ratio test.

Likelihood Ratio Tests
The Neyman-Pearson Lemma provides a method of congtructing most powerful tests in very

limited Stuations. This method can be used only when the didribution of the observations is
known except for a single unknown parameter and when there is a single dternative vaue. In



many Stuations the digtribution of the observations has more than one unknown parameter
and/or the dterndive hypothesis is more generd than a Statement of a Sngle dternative vaue.
In these Situations the rgjection region can be determined by alikelihood ratio test.

Suppose we want to test H,:q1 W, versus H,:q1 W, where q may involve severd
parameters. We will It W=W, E W,. We want to maximize the likelihood subject to H,
being true.

Let L(W) =max L(q) -

We dso want to maximize the likelihood without the condraint that H,, istrue. Thet is, we
want to maximize the likelihood subject to H,, being true or false.

Let L(W) =max L)

If H, istrue, theratio of these likelihoods should be closeto 1. If H, is'very false", theratio
of these likelihoods should be closeto 0. So we will look at | :% (note O£l £1) and,

according to the likelihood ratio test, rgject H, if andonly if | £k. (Thatis if andonly if | is
aufficiently sml.)

Suppose that Y,,Y,,...,Y, conditute a random sample from a norma population with unknown
mean n and unknown variance s . Wewanttotest H,:m=m, versus H, :m>m,. Itcan

be shown that solving | = II__((\\/IY\Oo) £k leadsto y-m > congtant.

s

Note: A uniformly most powerful test does not exist for this situation.

(Reference Mathematical Statistics with Applications, Wackerly, Mendenhdl, and
Scheaffer, Duxbury Press, 1996, pages 464-466.) Thus the one-sample t-tes is the
generdized likelihood ratio test.

Equivalence of Chi-Square Testsand Z-Testsfor Proportions

In this section we will show that Z-tests for proportions are dgebraicdly equivaent to chi-
sguare tests. We will begin with the test for a single proportion where the hypotheses are

Ho:p=pad H,:p* p,.
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To peform a chi-square test, we would have observed and expected values as shown in the
table below:

Yes No Tota
Observed y n-y n
Expected np n(1- p,) n

Snce p=y/n, y=np, thistableis equivaent to

Yes No Tota
Observed np n-np n
Expected np, n(1- p,) n

The chi-square gatistic with one degree of freedom is

6021 (observed - expected)?
iz expected
_ (y- npy)® Lln-y) -n@- po)I*
np, n(l' po)
_ (np- np,)? ,[(n- np)- nd- po)]*
NPy n(l' po)
_n’(p- p)? + n[(1- P)- @- p)I°
np, n(l' po)
— n(b' po)2 + n(' fj+ po)2
o} 1- )
= (- Pty
=n(D- —
R R
n(p p)l 1 u
)
— (b' po)
Po(@- P)/n
é o
€ 5. u
Thislast expression we recognize as Z* with Z? = e P P g
é 1- U
e n a



c? digributed and for

c? with 1 degree of freedom. It should be no surprise that the critical value for ¢? with 1

f)‘ po

Jp@ p)/n

¢ - 2
Note that large values of n are required for § (observed - expected)

i=1

degree of freedom with a =0.05 is 1.96° = 3.84.

Two Proportions Tests

expected

to be approximately Z . We aready know that Z? is

Now consider the test for two proportions where the hypotheses are

For thistest, p, = A p, =%
n, n

Ho:p=p,and H,:pt p,
NtY, oY
I’11+I"I2 n

_Y

2

, and pooled p =

To perform a chi-square test, we have vaues as shown in the tables below:

to be gpproximately

Observed Vdues
Group 1 Group 2 Totd
Success Y1 Y, YitY, =Yy
Falure n-y n,-y, n+n,-y,-y,=n-y
Tota n n, n+n,=n

The expected number of successesis ny for Group 1 and Dy for Group 2. The expected
n n

number of falures is %y) for Group 1 and w for Group 2. These values are

(

summarized in the table baow.

Expected Vaues
Group 1 Group 2 Total
Su A o y
coess LD LU
n n
Falure n- . n- - n-vy
- WA py | 2 Panap
n n
Tota n n, n

The chi-sguare atistic with one degree of freedomis
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¢ (observed- expected)?

a

i=1 eXpeCted

(- nb)’ (- ), - w)-n@- D En,- ) -n@- DY
nlf) nzf) n1(1' ﬁ) nz(l' ﬁ)

(nBi- ) | (- 1,P)° [n@- ) -n@- P [mo(d- B,) -n@- DT
np n,p n(1- p) (- p)

= n1([31 p) nz(pz p)2 + n1(b' [31)2_'_ nz(b' bz)z

P P (- ) - p)
=n(f- I3)2:£+ 1 U+nz(b _ ﬁ)2il+ 10
P 1-pp - 1P 1P
11 1 Ug /a2 L,
== > - _ u
T @ggnl(pl )"+ (p.- P)°H
note that fj: ity :nlf)l-'-nzﬁz
n+n n +n,
11, 1 6¢ & np+np0, & np+n p2
=ity —— . +n,cP- —————=
ip 1 pggnlgpl n+n, g gz n+n, gH
=— 1’\ gnlgnzﬁl' n2p2__|_n a‘ﬁpz'nl'plou
p(l' p)é e r11+n2 ] é nl+nz ﬂH
__ 1 gnlnz?(f)l- p,)"  nn’(p- p,)Y
pl- p)g (n+n)’ (n+n)
1 (- B)
= ~ —[nn,(n, +n,)]
B~ B) (nen,) 2
A A \2
1 ]
TS
p(l- P) (n +n,)
(B B.)° (B- B,)
N m+n26 ~ ~\ &l
1- = 1- p + ==
b Plgn s PU-Plg i
; 5
=g pl' bz szz
8/P(1- p)yn +1n,

Note that this Z is gpproximate since the variance is estimated from the data  As before, we
notethat c¢? on a2 x 2 table has 1 degree of freedom, and Z? isa c? with 1 degree of

freedom.
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In our earlier work with moment generating functions we showed that the probakility distribution
of the square of a N(0,1) random variable, that is Z?, is ¢ ? with one degree of freedom. In
this section we have demondgtrated the equivaence (that we would expect) when we use a chi-
sguare test and a Z -test for asingle proportion and for equality of two proportions.
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