Linear Statistical Models: The Method of Least Squares

In the sections that follow, we will discuss inferential procedures that are used when a response
variable Y is a linear function of a single independent variable x. We will assume that the
response variable is related to the independent variable by the simple linear model
Y=b,+b,x +e, where b, and b, are parameters and e, represents random error with

E(e,)=0. The notation Y, represents some future observable value while y. represents an
observed value.

When we fit a model to a particular set of data, we estimate the parameters and develop a best fit
line denoted by § = l%o + l§lxi . The least squares procedure for fitting a line through a set of n

data points determines ﬁo and l%l S0 that the sum of squared errors
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is minimized with respect to l%o and ﬁl. To find these values, we can take partial derivatives of
SSE with respect to l%o and then with respect to l%l. Then we can set the partial derivatives
equal to zero and solve for the values of ﬁo and l§l. Thiswork is outlined below:
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Setting this partial derivative equal to zero yields:
y=B,+B,x or B,=y- Bx
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Setting this partial derivative equal to zero yields:
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So 8,8 x2-B.x8 x =& %y - yax

i=1 |1 i=1
5 - axy ya X aw-yax:éw-yéx
ax’-xax  ax’-xmx a x’- nx?
_A XY - Ry~ YA X Xy
a x> - 2nx® +nx2
_Axy-*ay-vax+axy

o 2

ax’-2xq x+a x*
_a-%)v%-9)
a (x-x)°

When using themodel Y =b,+b,x +e,, we assume that there is a linear relationship between x
and E(Y) with a true slope b, and a true intercept b,. Because of the error term e,
observations with equal x-values will not necessarily have equal y-values. We have stated
previously that E(e;) =0. We will now assume that e, ~ N(0,s 2).
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Figure 14: Graphical Representation of Y ~ N (b0 +b,x,s 2)
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That is, for each value of X we assume that the errors are normally distributed with mean O and

constant variance s 2. These assumptions about the distribution of the error terms underlie the
distribution of Y, for afixed x . Specificaly, for afixed x, Y, ~ N (b0 +b,x,s 2) :

Thevaues V,,Y,,...Y, are independent but are not identically distributed, since they have different
valuesof m. Here, m =b,+b,x .

Note that:
E(Y)=E(by+byx +e)
=E(by) +E(bx) +E(g)
=by+bx +0

V(Y)=V(by+byx +e)
=V (by) +V(bx)+V(g)
=0+0+s?

It can be shown that the least squares estimators of b, and b, are also maximum likelihood
estimators:

L(b01bl) = L(yliy21"'1yn|b01bl)
Since Y,,Y,,...Y, are independent, we can multiply the density functions for each ;.
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We want to maximize the likelihood with respect to b, and b,. Since the exponent on e is
negative, large values of L(b,,b,) are associated with small valuesof g [y, - (b, +b,x)] . So
to obtain the maximum likelihood estimator we need to minimize & [y, - (b, +b,x )]’ , which is

what we aready did to obtain the least squares estimators ﬁo and ﬁll So, ﬁo and l%l are
maximum likelihood estimators under the assumption e ~ N (O,s 2).
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Standardized Variables

Standardized variables offer another approach to the same problem. It is often advantageous to
standardize the variables with the transformations

Theorem: Let (X, ¥,),(%,Y,)-(X,,Y,), N>1 be a set of data, with s,5,>0. Then if

X-X +_Y%-Y

, the regression line of y on x becomes§, =%’ .

Proof: Recall that x" =2~ % v :% effectively transform the datainto z-scores, and that,

s
S XX Y-Y|l & ..
al[%J[sy]] axy

=1
n-1 n-1

by definition,

Pearson'sr =

We will now demonstrate two preliminary algebraic identities for x which will also hold for .
The first is an identity involving the sums of the transformed variables, the second involving the
sums of squares of the transformed variables.
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We wish to find the least squares best fit line for our transformed variables. The line will have the
form, § =B,+B.x". We will show that for the line to be a least sguares fit,

B,=0, andB, =r. That is, we will show that these are the values of B, and B, that minimize
the sum of squared errors SSE .
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Observe that nf 2 3 0. Then it must be true that for every value of B,

o(8o.8,)2 g(0.8,)=(n- 1)- 28,(n- Hr+B,(n- 1)
=(n- 9(1- 2B,r+8,?)

\ l%o = 0 will produce minimum SSE for each value of l%l.

Now observe that l%lz- Zﬁlr +1 is quadratic in l%l with a positive lead coefficient. Thus

g(O,ﬁl) must reach a minimum when ﬁl = & =r. Therefore SSE = g(ﬁo,ﬁl) reaches a

2(1)

minimum when l%o =0and l%l =T.

We note in passing that a different path in the proof above may be used to prove that Pearson's
correlation (r) must assume values between - 1 and I

g(0,r)=(n- 1)(1- 2rr +r?)
=(n- 1)(1- r?)3 0, since g(0,r) is a sum of squares.
Then, (n- 1)(1)- (n- Yr?3 0
(n-1)3 (n- Yr?
13 r?
-lEr£1

80



NCSSM Statistics Leadership Institute Notes The Theory of Inference

Properties of the least squar es estimator for slope

The following properties concerning the least squares estimator for slope l%l in the general linear

model with normally distributed errors are important for performing inference procedures
concerning the true slope b, .
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The residual variance is defined to be S? :MT' The denominator of S? is n- 2

indicating n- 2 degrees of freedom, since there are two constraints on the residuals. The two
constraints are

&(v.-9)=0and § (y- %)x =0.
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ay-vy
SZ - i=1 ,
n- 2
then, it can be shown that
n- 2)s°
% ~Cpy
It can also be shown'that b, and S? are independent.

l31' bl

S/\/g _61' bl
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square root of an independent chi-square random variable divided by its degrees of freedom.
Therefore, by definition, this result has a t-distribution with n- 2 degrees of freedom and can be
used for inferences regarding b,. That is,

Now note is the ratio of a standard normal random variable to the

N
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The standard error of 61 is % :

Sk
(For more details, see Sections 11.4 and 11.5 in Mathematical Statistics with Applications,
Wackerly, Mendenhall, and Scheaffer, Duxbury Press, 1996.)
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