Expected Value Theorems

A random variable is a variable whose value is a numerical outcome of a random process. Let
X be a random variable whose possible values are x;, X,,..., X, occur with probabilities

P(%)s P(%)ss P(Xy)

Definition 1: The expected value of the discrete random variable X, denoted E(X ) is
defined to be E(X)=> xp(x). Thisis another way to define the mean of the population,

so E(X)=u.

Definition 2: The variance of the discrete random variable X, denoted V (X ), is defined to
be V (X)=E((X -n)’).

Expected Values of Linear Transformations

Theorem1: E(aX)=aE(X)

Proof: E(aX):Zaxip(xi):azi:xip(xi):aE(X).

Theorem 2:  E(X +b):E(X)+b

Proof: E(X+b)= Z (x,+b)p ZXp pr(x)
_pr +pr X)+b, smceZp

Expected Values of Sums and Products

Theorem3: E(X +Y)=E(X)+E(Y)

Proof: E(x ) =22 (% +yi)p(x)p(y,)
EIRLOLAD»WILOLIA

but x, p(xi) is constant in the summation over j, and y; p(yj) IS a constant in the summation
over i. So we have

Zx p(x Zp( )+Z p(xi)zj:yjp(yj)=E(X)~l+1~E(Y)= E(X)+E(Y).



Theorem 4: E(XY)=E(X)E(Y), when X and Y are independent random variables.
Proof: Same as Theorem 3.

Linear Transformations and Variance

Theorem5:  V(X)= E(Xz)—(E(X)Z)

Proof: V(X)=E((X=u)")=E(X*=2Xpu+4°) = E(X*)-24E (X )+E(x’)

Theorem 6:  V (aX)=a (X)
Proof: V(aX)= E(azxz)_(E(ax))z :aZE(XZ)_(aE(X))Z

Theorem7: V(X +b)=V(X)
Proof: V(X +b)=E(X +b)*~(E(X +b)) = E(X? +2Xb+b2) (E(X)+b)’

—E(X? +2Xb+b2) [(E(X)) +20E(X)+b* | =V (X).

Variance of Sums and Differences

Theorem 8: V(X +Y)=V (X)+V(Y), when the random variables X and Y are
independent.
Proof: V(X+Y)=E(X+Y ) ~[E(X+Y)]

= E(X?+2XY +Y?) [E( )" +2E( )E(Y)+(E(Y))1
=E(X?)+E(Y?)=(E(X)) =(E(Y)) =V (X)+V(Y).
So, wa:m'

Theorem 9: V(X -Y)=V (X)+V(Y), when the random variables X and Y are

independent.
Proof: Same as Theorem 8.



Suppose we generate n independent values of a random variable X. What is the expected
value and variance of the sum?

Theorem 10: E(X,+ X, + X, +---+ X, )=nE(X)
Proof: E(X,+X,++ X, )=E(X,)+E(X,+---+X,)
=E(X,)+E(X,)+E(Xs+--+X,)=E(X,)+E(X,)+-+E(X,)=nE(X).

Theorem 11: V (X, + X, + X, +---+ X, )=nV (X) (recall thatall X; are independent)
Proof: V (X, + X, +---+ X, )=V (X,)+V (X, +--+X,)
=V (X)+V (X,)+V (Xg+-+ X, )=V (X)) +V (X,)+--+V(X,)=nV(X).

So, Oy ix, %, =Ox \/ﬁ

Sampling Distribution of the Mean

What is the mean and standard deviation of the sampling distribution of the mean?

Theorem 12: E(X)=u

Proof: E()?)=E(

Theorem 13: V ()?) =%

2
Proof: V(X)zv(X1+X2:"'+an:%v(xl+x2+...+ xn):(n_lzj(nv(x))z%x.
So oy =O-TX.
n

Sample Variance

Why is the denominator of the sample variance n—1?

> (% -X) X (X -X)
Theorem 14: E 'T =0, . We use n—1 because the value of 'T IS

an unbiased estimator of the population variance o7 .



Proof: We know that o2 = E(X — ). Consider E[Z(Xi - )?)2].

(50 %) e[Sk ek

Z( - )+2E(Z(xi—y)(u—i)]+ZE(y—>?)z.

. , No?
Slnce:ZE((Xi—y)) no? and ZE(y X) X7:—X_<7X,wehave

:(n+1)a§+2E(inuj ZE(ZX xj ( j

X, =nX,s

%
Now, ZE(ZX“UJ:Z[JZE( =2nu*, 25( j ( j 2nu?
ZE(ZyZJ:ZnyZ,and ZE(ZXX] ( Z j Z
ZE()?ZXi]:ZE(nY-)?):ZnE()?z).

So, E(Z(Xi—)?)zj:(n—l)af( +2nu” — 2nE (X*?)-2n4* + 2ny* . Simplifying we have

(n+1)ax+2n(y ~E(X )) but z? (E()?))Z,so(;ﬁ—E()?z)):—V(X)

E(Z(Xi—f) j (n+1)o% —2n(V(X))=(n+1)o —Zn( nzj (n-1)
So, we have E(Z(Xi—)?)j:(n—l)ai. Consequently, E Z':(:I—_lx)z = o2 and

(n —1) is exactly the right value to produce an unbiased estimate of the population variance
from a sample of n independent values of a random variable.
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