The Algebra of Random Variables
A Exploration through Simulation

Exploration 1: Linear Functions of a Random Variable

Procedure

A.

B.

Smulae the flipping of afar coin. Assgn each ‘heads thevdue X = 0; each ‘talls
thevdue X = 1.

Copy the table below and record your data.

Repeat steps A—B until you have recorded 50 flips.

Rip Hip Resuit X
N X 2X —4X X+2 X-1 | -2X+1 ;.2
1

2

50

Mean
Std. Dev
Variance

Complete the table, as shown above, by cdculating vdues of the flip results times
two, times four, etc.

Cdculate the mean, sample dandard deviation, and sample variance for each column
in the table.

What are your observations about the summary datistics in the table? Compare your
results to those of your classmates.

Cdculate the theoreticd mean, standard deviaion, and variance of the probability
digribution of a coin flip, treeting heads as 0 and tailsas 1.

Repesat step G for each of the linear functions on the flip result as shown in the table,
i.e if the linear function is 2X + 1, then a heads is 2(0) + 1 = 1 and a tails is
2()+1=3.

Are your actua results caculated in Step E. equd to the theoretica results calculated
in Steps GH? If differet, how much difference is there and to what can you
attribute the difference?

Are the reationships between your summary gatidtics for X, 2X, etc. consstent with
the relationships between the theoretica values? If so, how? If not, can you account
for the difference?
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The Algebra of Random Variables
Exploration 2: Linear Combinations of Random Variables

A. Smulate the flipping of two fair coins. Assgn each ‘heads the value O; each ‘talls

Part 1
Procedure
thevadue 1.
B. Copy thetable at right and record your
data

C. Repest steps A—B until you have recorded
50 pairs of flips.

D. Completethetable, as shown at right, by
finding the sum of X; and Xa.

E. Cdculate the mean, sample standard
deviation, and sample variance for each
column in the table.

Trid Hip1 Hip2 Im
Numbe Xy X X1+ X
1
2
50
Mean
Std. Dev.
Variance

F. What are your observations about the summary ddidtics in the table? Combining the
data of you and your classmates, create a hisgogram of the means, standard deviations,

and variances of the sums.

G. Cdculate the theoreticd mean, standard deviation, and variance of the probability

digributions of both individua flips and the sum of theflips

H. What conclusons can you draw about the means, standard deviations, and variances

of random variables that are added together?

Exploration 2: Linear Combinations of Random Variables

Part 2
Repeat Exploration 2, Part 1 finding the difference Trid Aip1 Aip2 Difference
of X1 and X, and drawing conclusions about the Number X X X1 =%
means, andard deviations, and variances of -
random variables that are subtracted from each other.
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The Algebra of Random Variables
Exploration 2: Linear Combinations of Random Variables

Part 3
Procedure
A. Smulaetheflipping of afar coin. Assgn each ‘heads the value O; each ‘talls the
vaue 1. Record theresult in column “Hip 1, X;.”
B. Hip 2 depends on the outcome of Flip 1. Trid Aip1 Aip2 Sm
If Flip Lisal (tails), then smulate Flip 2 Nurmber X %o Xt %
asyou did Flip 1, i.e heads=0, !

tals=1. If Fip 1isa0 (heads), then Fip 2
2 isautomaticdly tails, i.e. asagn it the :

vdue 1. Record the result in column Moo

ipaes Std. Dev.
Repesat steps A-B until you have recorded Variance
50 pairs of flips.

Complete the table by finding the sum of X; and X».

Cdculate the mean, sample standard deviation, and sample variance for each column
inthetable.

What are your observations about the summary datistics in the table? Compare your
results to those of your classmates.

Combining the data of you and your classmates, create a hisogran of the means,
gandard deviations, and variances of the sums.

Cdculate the theoreticd mean, standard deviation, and variance of the probability
digributions of both individua flips and the sum of theflips

What conclusons can you now draw about the means, standard deviations, and
variances of random variables that are added together?

How are your conclusons different than those from Parts 1 and 2 of Exploration 2?
If different, to what might you attribute these differences?

The Algebra of Random Variables
Exploration 2: Linear Combinations of Random Variables
Part 4

Repeat Exploration 2, Part 3 with the following changes.

1.

Assign thefirgt coin anumericd vaue X; T Aip1 Fipz

Difference
asin Parts 1-3. The numerica vdue Xo Nurmber X1 Xo Xy — Xo
assigned to Hip 2, isequd to that of Hip 1, 1
ieif X1 =0, then Xo =0.

2. Complete the table by calculating the difference of X; and X».
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The Algebra of Random Variables
A Exploration through Simulation
Teacher Notes

The dgebra of random variables is an important, yet often overlooked or underdeveloped,
concept in AP Statistics. When discussed, it is frequently presented as a series of formulas
that students find unimpressive. Students may aso consder such rules as another st of
‘magicd’ theories with little practical meaning.

This activity seeks to not only verify the rules of the dgebra of random variables, hut to dso
reduce ther levd of mydey. Through smulation, students will hopefully gain a grester
gppreciation for these Satistical notions.

In the commentary that follows, a variety of dmulation techniques are discussed, including
hands-on methods, use of random digit tables, and incorporation of technology. You may
choose to use whatever methods with which your students are comfortable.  If students have
not had much exposure to simulation with technology, more concrete gpproaches, such as
random digit tables or actuad coin flipping, should be done firs. Projected results and
possible trouble spots are also addressed.

Table of Contents:

Exploration 1: Linear Functions of Random Variables.........cccccoovieeninenee Page 1
Exploration 2: Linear Combinations of Random Variables
Part 1: Sum of Independent Random Variables..................... Page 4
Part 2: Difference of Independent Random Variables............ Page 7
Part 3: Sum of Dependent Random Variables........................ Page 9
Part 4: Difference of Dependent (and Perfectly
Correlated) Random Variables .........cccccveveeciecieenene Page 13
Some Final COMMENEAIY ........ccceeieeeereenierierese s Page 16

Exploration 1: Linear Functions of a Random Variable

The objective of thisexploration isto verify, via smulation, the following rule:

If X isarandom variablewith mean m, and variance s 5, andaand b are
numerical congants, the random varigble y defined by
y=a+ bx
iscdled alinear function of the random variablex.
Themeanof y=a+ bx is
m, =a+bm,
Thevaianceof yis
2 _l2a 2
s, =b’s,
from which it follows that the standard deviation of y is
s, =lds,
(Peck, Olsen, Devore, 2001)
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Steps A-C: Simulation of the coin flips
Hands-on: Students would use actud coins.

Random Digit Table Some scheme that partitions possible digits (or groups of digits)
into two equdly likdy groups. Smple dngle-digit schemes might indude 04 =
heads and 5-9 = tails, or even = heads, odd = tails. Allow students to create their own
schemes.

Grgphing cdculators:  Through either bult-in functions or programs, students
generate aseriesof O'sand 1's. The T1-83 code is Randint(0,1,50).

Satigicd Software Many datidical software packages dlow for the generation of
random data Consult your software manua to determine how. A few sample

commands are shown below.
Microsoft Excel: Int(2* Rand()) Note:  this generates a single cell of data
MINITAB: Random 50 C1,; Note:  this command generates 50 data points
Integer O 1. in column C1

IJMP-INTRO: Random Integer(2) — 1 Note:  this generates data in every row of the
selected column.

The sheer speed at which software can generate large data setsis its mgjor advantage.

Steps D—E: Calculations of the linear functions and summary statistics

Having students enter their data into caculator ligs, spreadsheets, or datistical software will
accomplish this. Most caculators, spreadsheets, and software packages dlow lists to be
functions of other ligs.

The following is a portion of a MINITAB andyss of a smulaion. The variance column was
not included in the andlys's and was ca culated by squaring the standard deviation.

Vari abl e N Mean St Dev Vari ance
X 50 0.5600 0.5014 0.2514
2X 50 1.120 1.0028 1. 0056
-4X 50 -2.240 2. 0056 4.0224
X+2 50 2.5600 0.5014 0.2514
X-1 50 -0.4400 0.5014 0.2514
- 2X+1 50 -0.120 1.0028 1. 0056
0.5X%-2 50 -1.7200 0. 2507 0. 0629

Step F: Observations and analysis

Students should obsarve tha multiplying X by a condant results in the mean dso being
multiplied by that congant, the standard deviation multiplied by the absolute vaue of the
congtant, and the variance multiplied by the square of the congtant. Students also quickly se
that adding a congant changes the mean by that congtant, but the standard deviaion and
variance remain the same. A combination of two operations produces Smilar effects.
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Steps G—H: Theoretical statistics
The probability distribution of acoin flip where heads = 0,
tals=1lisgivena right. Thiscan be caculated with the

formulas m=§ xxP(x) ands 2=Q (x- m)’ xP(x), vialists
in agraphing caculator, or by computer software.

The probability distributions for -4X and % 2 areaso

provided to illustrate theoreticd results. Students should

observe that the theoretica results are Smilar to those from the
sSmulation.

Steps HJ: Analysis and Summary

Prob. Dist. for X
Outcome (x) | Probability P(x)
0 05
1 05
Mean 0.50
Std. Dev. 0.50
Variance 025

Prob. Dist. for —4X

Outcome (X) | Probability P(x)
0 05
—4 05
Mean —2.00
Std. Dev. 2.00
Variance 4,00

Many students may not obtain the theoretical mean, standard deviation, and variance for X

from their respective smulations. Any difference can be
attributed to random variation and that difference will carry over
to thelinear functionsof X. Regardless of this, the means of the
linear functions of X mugt follow the law for linear functions.
That is, their Smulated mean for 2X must be twice the mean of
X, the mean for —2X + 1 must be one more than twice the
opposite of the mean of X, etc. The properties for standard
deviation and variance must aso follow.

The Algebra of Random Variables
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Prob. Dist. for —- 2
2

Outcome (x) | Probability P(x)
-2 05
-15 05
Mean —1.75
Std. Dev. 0.25
Variance 0.0625
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The Algebra of Random Variables
Exploration 2: Linear Combinations of Random Variables
Part 1: Sum of Independent Random Variables

A linear combination of random variables is defined as follows:

If X1, X2, ..., Xn @erandom variablesand ay, ap,...,a, are numerica constants,
the random variable defined as
y=aiXg taxXz + ... +anXn
isalinear combination of thex;’s.
(Peck, Olsen, Devore, 2001)

The objective of this exploration isto verify, viasmulation, the following rule:

If X1, X2, ..., Xn @€ random varigbleswith means m, m,, ..., m, and variances

s?,s2,...,s 2, respectively, and
y=aiXg taxXz + ... +anXn
then
1' nl/ = nLiX1+a2x2+...+anxn = airn(l +aer](2 oot anrn(n
This result istrue regardless of whether the x;’ s are independent.

2. Whenxi, Xz, ..., Xn aeindependent random variables

si=s? =ajs;+as, +...+as;

y axtaot. Fanky

S y :Sa\l><1+azx2+.,,+ahxn :'\/312812 '|'a§SZ2 +,__+a§s s
Thisresult istrue only when the x;’ s are independent.
(Peck, Olsen, Devore, 2001)

For purposes of this activity, we will smplify the ruleto be:

If X1 and Xz are random variables withmeans m, and m, , and variances s il
and s iz , then the random variable Y=X; + Xz hasmean m = m + m_ and

variance sy =S +s ; . Therulefor the mean aways holds, but the rule for
the variance only holdsif X; and X, are independent.

Objective: Students will observe that the above rule holds for the mean (which it always
does) and also holds for the variance because the random variables are independent.

Steps A—C: Simulation of the coin flips
The process here is the same as in Exploration 1 except that two sets of flips will be
generated.

Steps D—E: Calculations of the linear combinations and summary statistics
The process here is again the same as in Exploration 1, except that the columns of data for if
X1 and X2 will be summed.
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The following is a portion of a MINITAB andyss of a amulaion by a sngle sudent. The
variance column was not included n the andyss and was cdculated by squaring the standard
deviation.

Vari abl e N Mean St Dev Vari ance
X1 50 0. 5400 0. 5035 0. 2535
X2 50 0.6800 0.4712 0.2220
X1+X2 50 1. 220 0. 708 0.5013

Step F: Observations and distributions of class data
Students should observe that the mean of the sum X; + X; is the sum of the means of X; and
Xz, Thiswill dways be the case because they are dgebraicaly equivaen.

Students should aso observe that the standard deviation of the sum is not the sum of the
gandard deviations—this is correct. Note that the variance of the sum is not equa to sum of
the variances exactly due to sampling variahility.

One way to avoid this is to increase the number of pairs of flips. The number of pars was
chosen to be 50 because it is can be reasonably be done by hand with coins or a random digit
table in a brief period of time. A smulaion with a graphing cdculator or datistics software
can generate larger samples quickly.

The comparison with classmates is very important here, as some sums will be close and some

will not. The congruction of the higogramsin the next sep is crucid.

The IMP-INTRO graphs below are smulated results for 30 students.

Distributions

Flip 1 Mean Flip 1 SD Flip 1 Var
100 25 25
T F20 -2 F20 2
75 % B Z
2 F15 = F15 £
F50 5 L10 3 L10 3
F2s5 © Ls © ls ©
T T T T T ,_| ,_| T 1 I T 1 1 1 1 I 1 I T 1 1 1 1 I
3% 4 45 5 55 6 65 .7 475 48 485 49 495 5 505 51 225 23 235 24 245 25 255 26
Flip 2 Mean Flip 2 SD Flip 2 Var
20
125 125
15 g 100 2 1002
<< <<
F10 £ F75 2 F75 =
3 50 3 50 3
F5 O (@] O
l_l |_| 25 |_| 25
T T T !_l T T !_l T T T T !_l T T !_l T T T T
.35 4 45 5 55 6 .65 49 495 5 505 24 .245 .25 255
Sum Mean Sum SD Sum Var
20
15 o ~10.0 @ ~10.0 P
© 2 75 % 75 3
5 50 S 50 §
ks S 8 8
25 25
T T T T T T T T T T T T T
7 8 9 1 11 12 13 5 5 6 6 7 75 8 85 35 4 45 5 55 6 65 .7
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The centers of the Mean histograms for Flip 1, Hip 2, and the Sum are about 0.5, 0.5 and 1.0
respectively. The mean of the sum eguas the sum of the means no matter what data are
generated. Thiswill aways be the case because they are dgebraicaly equivaent.

The centers of the Standard Deviation histograms are about 0.5, 0.5, and 0.7. The standard
deviation of the sum does not appear to be the sum of the dandard deviations. This is

expected.

The centers of the Variance histograms are at about 0.25, 0.25, and 0.5. This illugtrates that
the variance of the sum is the sum of the variances and tha these vadues are the theoretical
variances.

The following MINITAB summary datistics match the observations from the graphs. N = 30
is the number of students, each of whom did 50 of FHip 1 and Hip 2.

Vari abl e N Mean
Flip 1 Mean 30 0.4787
Flip 2 Mean 30 0.4887
Sum Mean 30 0.9673
Flip 1 SD 30 0.49945
Flip 2 SD 30 0.50074
Sum SD 30 0.7020
Flip 1 Var 30 0.24950
Flip 2 Var 30 0.25076
Sum Var 30 0. 4966
Prob. Dist. for X, Xo
Outcome (X) | Probability P(x)
0 05
1 05
Mean 0.50
Std. Dev. 0.50
Variance 0.25

Step G: Theoretical statistics

The probability digribution of a coin flip where heads = O, talls = 1 is given a right. This
will be the same for both individud coins. The second table is the probability distribution for
the sum.

Students should observe that the theoretica results parallel those from the smulation.

Step H: Conclusions Prob. Dist. for X; + X,
After the above andlys's, sudents should conclude that when Outcome (x) | Probability P(x)
independent random variables are added together, the means 0 0.25
and variances add, but the standard deviations do not. ; 8‘2(5)
Mean 1.00
Std. Dev. 0.71
Variance 050
The Algebra of Random Variables Teacher Notes Page 6

David Thiel and Kim Robinson NCSSM Statistics I nstitute 2001



Exploration 2: Linear Combinations of Random Variables
Part 2: Difference of Independent Random Variables

Objective: Students will observe that the rule stated in Part 1 holds for the mean (which
it always does) and also holds for the variance because the random variables are
independent.

Essntidly, Pat 2 differs from Pat 1 only in that we are now subtracting the random
vaiables indead of adding them. What is counterintuitive to <udents is that when

subtracting independent random varidbles, the variance of the difference is the sum of the
variances.

The process of the activity is the same as in Part 1 and the concerns over small size (n = 50)
are dso the same. Sample output and theoretical values are provided as before.

Steps D-E: Calculations of the linear combinations and summary statistics
Thefollowing isaportion of aJMP-INTRO analysis of asmulation.

X1 X2 X1-X2
Moments Moments Moments
Mean 0.52 Mean 0.5 Mean 0.02
Std Dev 0.504672 Std Dev 0.5050763 Std Dev 0.6543419
N 50 N 50 N 50
Variance 0.2546939 Variance 0.255102 Variance 0.4281633
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Step F: Observations and distributions of class data
The IMP-INTRO graphs below are smulated results for 30 students, each collecting 50 pairs

of data.

Distributions

Flip 1 Mean Flip 1 SD Flip 1 Var
100 25 25
F75 @ 20 2 F20 2
é 15 é 15
F50 € = =
3 F10 3 F10 3
F25 O s o s o
T T T T T T !_l T T T T T T T
35 4 45 5 55 6 .65 7 475 48 485 49 495 5 505 225 23 235 24 245 25 255
Flip 2 Mean Flip 2 SD Flip 2 Var
20 20
2 4 15 o 15 o
F15 % X 2
L10 § T g [0 g
o o o
5 O F5 O F5 O
—] 1 — P — — —
1 I 1 T T T 1 1 1 1 I T I T T 1 T 1 1 I
4 5 6 7 8 43 44 45 46 47 48 49 5 51 A8 19 2 21 22 23 24 25 26
Diff Mean Diff SD Diff Var
15 15
” 100 ,, P
10 & 75 % 10 2
g .o E g
ls 3 50 5 . S
[S] |—| |—| Los o O
T 1 I T T T T T 1 I
-0.3 -02 -01 -3e-17 .1 2 3 .65 7 75 8 35 4 45 5 55 6 .65

The centers of the Mean histograms for Hip 1, Hip 2, and the Difference are about 0.5, 0.5
and 0.0 respectivdly. The mean of the difference equas the difference of the means no
matter what data are generated. This will dways be the case because they are dgebraicaly

equivaent.

The centers of the Standard Deviation histograms are about 0.5, 0.5, and 0.7. The standard
deviation of the difference does not appear to be the sum or difference of the standard

deviations.

The centers of the Variance histograms are a about 0.25, 0.25, and 0.5. This tends to
confirm that the variance of the difference is the sum of the variances.
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The following MINITAB summary datistics match the observations from the graphs.

Vari abl e N Mean Medi an
Coin 1 Mean 30 0. 4787 0. 4600
Coin 2 Mean 30 0.4887 0.4800
D ff Mean 30 0.9673 0. 9600
Coin 1 SD 30 0.49945 0.50244
Coin 2 SD 30 0.50074 0.50346
Dff SD 30 0. 7020 0.7071
Coin 1 Var 30 0.24950 0.25245
Coin 2 Var 30 0.25076 0.25347
Prob. Dist. for Xi, Xo
Outcome (X) | Probability P(x)
0 05
1 05
Mean 0.50
Std. Dev. 050
Variance 0.25
D ff Var 30 0. 4966 0. 5000

Step G: Theoretical statistics

The probability digribution of a coin flip where heads = O, tals = 1 is given & right. This
will be the same for both individud coins. The second table is the probability digtribution for
the difference.  Students should observe that the theoretica results pardld those from the
gmulation.

Step H: Conclusions

After the above andyss, students should conclude that when Prob. Dist. for X. — X,
independent random variables are subtracted from each other, Outcome (x) | Probability P(x)
the means subtract, the variances add, but the standard -1 0.25
deviaions do neither. 0 0.50
1 0.25
Mean 0.00
Std. Dev. 0.71
Variance 050

Exploration 2: Linear Combinations of Random Variables
Part 3: Sum of Dependent Random Variables

Objective: Students will observe that the rule stated in Part 1 holds for the mean (which
it always does), but does not hold for the variance because the random variables are
dependent.

In Part 3, the results of the coin flips, X; and X, are not independent as they were in Parts 1
and 2. Thevdue of X is dependent on the value of X;. The objective here is to demonstrate
that while the mean of the sum of dependent random variables is the sum of the means, the
variance of the sum isnot the sum of the variances.
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Steps A-D: Simulation of the coin flips
Hands-on: Students would use actud coins. To smulae the dependence, students
would do their Flips 1 as usud. If Hip 1 is ‘heads (X; = 0), they need not flip again
and may smply record avaue of 1 for Xa.

Random Digit Table Schemes for Flip 1 can be done as in Parts 1 and 2. Students
should redize if the first flip corresponds to ‘heads, the reading of a second digit is

not necessary for that step.

Grgphing caculators Simply generating two ligs of 0's and 1's usng a random
integer functions will not work. Cregting one for the first coin flip is necessary, but
the second flip now depends on the firsd. One way around this is to generate the
second ligt, then go through it by hand changing vaues in the list to 1 that correspond
to a 0 in the firg lis. A second method would be to write a program that generates
the numbers itsdlf, or makes the subgtitutions mentioned in the previous sentence.

TI-83 Code to generate second list TI-83 Codeto switchO'sto 1'sin
(assumeHipslaeinll) second list (assume Flips 1 arein

L1, FHips2aeinlL?2)
PROGRAM:DEPEND

For(A,1,50) PROGRAM:SWITCH
If L1(A)=0 For(A,1,50)

Then If L1(A)=0

1® L2(A) 1® L2(A)

Else End

randint(0,1)® L2(A)

End

End

Statistical Software: Some software packages (like IMP-INTRO or Excdl) alow one

to use conditiona statements when entering aformula. Others (like MINITAB) will
require the creation of a Macro to ded with the condition.

JMP-INTRO Formula: MINITAB Macro:
gmacro
else = Random Integer[g_.: : depe‘]d
namecl="X1
Column Menu, Sdlect name c2="X2'
Formula: “If” isinthe name c3="X1+X2'
Conditional Function Random 50 c1 ¢2;
menu, “Random Integer” is Integer O 1.
in the Random Function do k2=1:50
menu. if cl(k2)=0
let c2(k2)=1
endif
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enddo
letc3=cl+c2
endmacro
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Step E: Calculations of the linear combinations and summary statistics
The following is a portion of a MINITAB andyss of a smulaion. The variance column was
not included in the andysis and was ca culated by squaring the standard deviation.

Vari abl e N
X1 50
X2 50
X1+X2 50

Step F: Observations and analysis
Students should observe that the mean of the sum X; + X5 is the sum of the means of X; and

Xo.

Mean St Dev Vari ance
0. 4800 0. 5047 0. 2547
0. 8000 0. 4041 0. 1633
1. 2800 0. 4536 0. 2058

They should dso observe that the standard deviation of the sum is not the sum of the

dandard deviations, nor are the variances. This is in contradiction of Pat 1, and this is
because the variables are no longer independent. As we will show in Step H, for the
theoretical vaues of the random variables, the variance of the sum is no longer the sum of the
vaiances. (Shhhh. Don't tell themthis Yet.)

Again, students should compare their results with classmates.

Step G: Distributions of class data

The IMP-INTRO graphs below are smulated results for 30 students.

Distributions

Flip 1 Mean Flip 1 SD Flip 1 Var
15
30 30
R K] 2
Fi0 2 Lo X Loo <
£ £ £
Hlme _ L
'_i T I I I I T 1 I T 1 I I I 1 I T 1 I I I
35 4 45 5 55 6 .65 475 48 485 49 495 5 505 51 225 23 235 24 245 25 255 26
Flip 2 Mean Flip 2 SD Flip 2 Var
o, 100 20
F15 75 3 F15 £
Fi0 £ Lso § F10 £
Q 2 o
— |’ [ ==
T T T '_! '_! T T T T T T
65 7 75 8 85 35 375 4 425 45 475 5 125 15 175 2 225 25
Sum Mean Sum SD Sum Var
10.0 P -10.0 P 10.0 P
L7s % F75 2 F75 &
k50 % 50 g 50 %
e by | s 0| ==l
T T T T T T T T T T T T T T T T T T
11 115 1.2 125 13 1.35 35 375 4 425 45 475 5 1 125 15 175 2 225 .25
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The centers of the Mean histograms for Hip 1, Fip 2, and the Sum are about 0.5, 0.75 and
1.25 respectivdly. This illudrates that the mean of the sum is the sum of the means, even

when the variables are not independent. Again, this will dways be the case because they are
dgebraicdly equivdent.

The centers of the Standard Deviation histograms are about 0.5, 0.45, and 0.43. The standard
deviation of the sum does not gppear to be the sum of the standard deviations.

The centers of the Variance histograms are at about 0.253, 0.20, and 0.18. This tends to confirm
that when the variables are not independent that the variance of the sum is not the sum of the
variances.

The following MINITAB summary gatigtics match the observations from the graphs.

Vari abl e N Mean Medi an
Coin 1 Mean 30 0.5027 0. 5000
Coin 2 Mean 30 0.73333 0.74000
Sum Mean 30 1. 2360 1. 2400
Coin 1 SD 30 0.50162 0.50346
Coin 2 SD 30 0.44291 0.44309
Sum SD 30 0.42380 0.43142
Coin 1 Var 30 0.25165 0.25347
Coin 2 Var 30 0.19690 0.19633
Sum Var 30 0.18087 0.18612
Prob. Dist. for X;

Outcome (X) | Probability P(x)

0 05

1 05
Mean 0.50
Std. Dev. 0.50
Variance 0.25

Step H: Theoretical statistics
Cdculdtion of the theoretical Satigtics of the distributions may require congtruction of the
sample space or atree diagram.

The probability digtribution of acoin flip where heads = 0,

tals=1lisgiven at right in the top table. The second table is the probability distribution for
the second value, and the third table is the probability distribution for the sum. Students

should observe that the theoretical results are smilar to those Prob. Dist. for X,
from the smulaion. Outcome (x) | Probability P(x)
0 0.25
Steps J: Conclusions 1 0.75
Prob. Dist. for X; + X» Mean 0.750
Outcome (x) | Probability P(x) Std. Dev. 0433
1 0.75 Variance 0.187
2 0.25
Mean 1.250
Std. Dev. 0433
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[ Variance | 0.187 |
After the above andyss, students should conclude that when dependent random varigbles are
added together, the mean of the sum is the sum of the means, but the standard deviation and
variance of the sum is not the sum of individua standard deviations and variances.
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Exploration 2: Linear Combinations of Random Variables
Part 4: Difference of Dependent (and Perfectly Correlated) Random Variables

Objective: Students will observe that the rule stated in Part 1 holds for the mean (which
it always does), but does not hold for the variance because the random variables are
dependent and, in this case, perfectly correlated.

In Part 4, the results of the coin flips, X; and X, are not independent. As a matter of fact,
thereis no random dement a al for thevaue of X,, and it is perfectly corrdaed with X;.

Steps A-D: Simulation of the coin flips
That of Hip Lisdoneasin Parts1-3. Fip 2’svadueisequd toHip 1's.

Step E: Calculations of the linear combinations and summary statistics
Thefallowing isaportion of a IMP-INTRO andyss of asmulation.

X1 X2 X1-X2

Moments Moments Moments

Mean 0.58 Mean 0.58 Mean 0
Std Dev 0.4985694 Std Dev 0.4985694 Std Dev 0
N 50 N 50 N 50
Variance 0.2485714 Variance 0.2485714 Variance 0

Step F: Observations and analysis

Students should observe that the mean of the difference is zero! But s0 is the standard
deviation. The only way that the sandard deviation can be O is if dl of the data are equdl.

We have a perfect correlation between X; and Xo, and they are dependent on each other. It is
very clear that the mean of the difference is equd to the difference in means, but the variance
of the differenceis not the sum of the variances as before.

Again, students should compare their results with classmates.

A cautionary note In this ingance the standard deviation of the difference is equd to the
difference of the dandard deviaions. The same is true for variance. This is not a
coincidence, but it is not a generd rule ether. It occurs in this specid case because X; and X;
areequal.

Step G: Distributions of class data
Sample digtributions of Hips 1 and 2 should be identicd. The didributions of the difference
should be asingle column &t O.
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Step H: Theoretical statistics

The probability distribution of acoin flip where heads = 0,
tals=lisgivenat right in the top table. The second tableisthe
probability digtribution for the difference.

Steps I-J: Conclusions

After the above andys's, sudents should definitely conclude
that when random variables are completely dependent on each
other, asin this case, the mean of the difference is the difference
in means, but the rules for standard deviation and variance of
independent random variables do not hold.

Additional Analysis

Prob. Dist. for Xy, Xo

Outcome (x) | Probability P(x)
0 05
1 05
Mean 0.50
Sd. Dev. 0.50
Variance 0.25

Prob. Dist. for X; — X,

Outcome (x) | Probability P(x)
0 1

Mean 0

Std. Dev. 0

Variance 0

The notions of independence and dependence are dso obsarved in a bivariate analyss of X;

VS, Xi.

The graphs and andyses below are from JMP-INTRO and show both smulate and

theoretica results from Parts 1, 3, and 4. Part 2 has the same digtribution of points as Part 1,
and results from Part 2 would be equivdent to Pat 1. The frequencies of points have been

added to the graphs to better visudize their digtribution.

Bivariate Fit of X2 By X1 for Part 1 (Simulated)

Bivariate Fit of X2 By X1 for Part 1 (Theoretical)

1.2 15
1_ - -
12 points 16 points | - R
0.8 1
Prob =0.25 Prob =0.25
0.6—/
X X 05
0.4
0.2 Prob =0.25 Prob = 0.25
' 11 points 11 points 0 - -
0+ , .
-0.2 T T T T T T -0.5 T T T
-0.2 0 2 4 .6 .8 1 1.2 -0.5 0 5 1 1.5
X1 X1
Linear Fit Linear Fit
X2 =0.5217391 + 0.0708535 X1 X2=05+0X1
Summary of Fit Summary of Fit
RSquare 0.005061 RSquare 0
Parameter Estimates Parameter Estimates
Term Estimate  Std Error  tRatio Prob>[f| Term Estimate
Intercept 0.5217391  0.105371 495 <.0001 Intercept 0.5
X1 0.0708535  0.143391 0.49 0.6235 X1 0
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Bivariate Fit of X2 By X1 for Part 3 (Simulated)

Bivariate Fit of X2 By X1 for Part 3 (Theoretical

1.2 15
1_
27 points 11 points 14 -
0.8
Prob = 0.25
0.6
% < 0.5
0.4
Prob = 0.25
0.2 . -
12 points 0
O_ -
-0.2 T T T T T T -0.5 T T T
-0.2 0 2 A4 .6 .8 1 1.2 -0.5 0 5 1 1.5
X1 X1
Linear Fit Linear Fit
X2=1-0.5217391 X1 X2=1-05X1
Summary of Fit Summary of Fit
RSquare 0.370709 RSquare 0.333333
Parameter Estimates Parameter Estimates
Term Estimate Std Error t Ratio Prob>t| Term Estimate
Intercept 1 0.066546 15.03 <.0001 Intercept 1
X1 -0.521739  0.098116 -5.32 <.0001 X1 -0.5

Bivariate Fit of X2 By X1 for Part 4 (Simulated)

Bivariate Fit of X2 By X1 for Part 4 (Theoretical

1.2 15
l_
points _
0.8 1
Prob = 0.50
o 06 N
x x 0.5
0.4
Prob =0
0.2 .
24 point 0
O_
-0.2 T T T T T T -0.5 T T T
-0.2 0 2 A4 6 8 1 1.2 -0.5 0 5 1 1.5
X1 X1
Linear Fit Linear Fit
X2=0+1X1 X2=0+1X1
Summary of Fit Summary of Fit
RSquare 1 RSquare 1
Parameter Estimates Parameter Estimates
Term Estimate  Std Error t Ratio Prob>t| Term Estimate
Intercept 0 0 . . Intercept 0
X1 1 0 X1 1
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In the smulated data for Part 1, the p-vadue from a test of sgnificance for dope is 0.6235.
This is very high and suggests that there is not a sgnificant reationship between X; and Xs.
An examination of the frequencies of the points does not revea a trend. The theoreticd
digtribution shows no relationship between X; and X,

The smulated data for Part 3 have a p-vadue less than 1 in 10,000. This strongly suggests a
liner relationship between X; and X,. Dependence is apparent from the theoretica

coefficient of determination, r>=1. (There is a linear relaionship between reaionship

3

between X; and X, because r 1 0.)

Looking a the reaults from the Pat 4 smulaion, we see tha X; and X, are pefectly
correlated, as they were defined in the smulation. The theoretical results are equivaent.

Some final commentary:

The mean of the sun/difference of random variables will dways equd the sumv/difference of
the individual means regardless of whether the random variables are independent.

The variance of the sum and the variance of the difference of random variables will equd the
sum of theindividua variancesif the random variables are independent.

The rule we explored is for means and variances, not standard deviations. The standard
devidion of the sum/difference of random variables can be cdculated by taking the square
root of the sum of the variances only if the random variables are independent.

Technica point: The variance of the sunvdifference of two random variables X;
and X5 can be caculated whether the variables are independent or not. The
formulafor the variance of the sunvdifferenceis

Var (X, £ X,)=Var (X, ) +Var(X,)+2Cov( X, X,),
where the covariance between X; and Xz is Cov( X, X, ) =s xS , Corr ( X, X,)
and Corr (X,, X,) isthe correlation between X; and X,

If X1 and X, areindependent, then Cov( X, X,) =0. (The converseis not aways
true.)

Thisis beyond the scope of AP Statistics and teachers are encouraged to explore
this subject further asthey desire.

The observations made in this exploration have direct connections to inference.  When
comparing means of two populations, we usudly have a choice between two tests/confidence
intervals. (1) Difference between two means using independent samples and (2) difference
between two means using paired samples. We use the pared test when pairs of data are
corrdated in some meaningful way. In both cases, the gatidtics of interest are the difference
of the means or the mean of the difference, which are dgebraicaly equivaent.
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For the difference between two means usng independent samples, the sampling digtribution

2 2
of X-X has men m-m and vaiance 214+32  The vaiance of the sampling
n n

digribution of X - X, heppens to be the sum of the individud variances of the sampling
digributions of X, and X,, just like the rule we have been exploring saysl Notice also that
the mean seemsto fit our rule.

For pared samples, we have no such combination of the variances. After finding the
differences for dl the pared data, the sampling distribution of X, dill hes mean m-m, (in
this case eguivdlent to m ) as with independent samples.  But the variance of the sampling

2
distribution ¢ isnot egua to the sum of thevariancesof X, and X, .
n

Hopefully this will hdp students understand better when to use which test for differences of
means, two independent samples or paired samples.
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