Introducing the Logic of Significance Testing through Simulation

Thefollowing activities are designed with afew objectivesin mind:
1. To develop the sKkills necessary to design and conduct asimulation
2. Toinformdly introduce the idea of a sampling distribution
3. Toinformaly introduce the logic of Sgnificance testing

Simulations can (and should) be used throughout an AP Statistics course. Likewise, the
idea of inference should be present throughout the course. The activities that follow are
intended to be introductions to smulations, sampling distributions, and significance tests.
They can be used as early asthefirst day of class or asthe introduction to a unit on
inference. They are arranged in order of increasing difficulty, however, so they should be
donein order. Theonly skill necessary isthe ability to graph univariate datain a dotplot
or smilar diplay.

In an atempt to be congstent with our language, we will use the the following definitions
of key terms
-A runisaset or collection of stepsthat condtitute a re-enactment of the “red”
Stuation and its associated outcome. (Note: arun isoften cdled a
repetition or atria in other sources))
-A amulationisaset or collection of runs and their associated outcomes.

In the teacher notes for each problem, three methods are proposed to execute the
smulation: usng manipulatives, usng arandom digit table, and using technology,
including a graphing caculator or computer. Y ou may use any or dl of the methods for
each problem, dthough we suggest that you start with manipulatives for at least the first
problem (initialy, most sudents have a surprisingly difficult time with the abdtraction
required for smulation).

Smulations are mogt effective when alarge number of runs are performed. To achieve
this, it is beneficid to pool datafrom the entire class. Many teachers put an axis on the
chalkboard or on a piece of butcher paper and alow the students to come forward and put
an “X” above the number they got in their run. Other teachers have the students remain

in their seats while they record the data on an overhead projector, €tc.

At the end of each problem in the teacher’ s notes there are several extensonswhich
include other questions or smulaions relating to the same scenario. We suggest you
read these before you introduce the problems to the students, as your decision to do one
of the extensons might change the manner in which you record the data.

Why use smulation to introduce the ideas of sampling distributions and significance
tests? Traditiondly, one of the hardest topics for students to understand is sampling
digtributions. Using smulation alows students to clearly see that each time they take a
sample or perform an experiment the resut they get isjust one of many possible results
and that a sampling didribution is a display of those possble results. For example, inthe
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graph below, each “X” represents aresult from one run. Thus, this distribution could
have been made from 20 runs from 1 student, 1 run from 20 students, etc.

X
X X X

X X X X X X X

X X X X X X X X X
1 23 456 7 89

After forming the sampling digtribution, the properties such as shape, center, and spread
can be discussed. Also, smulations help students understand the notion of ap-value. For
example, based on the digtribution it is easy to estimate the probability of getting a result

7 or greater (4/20).

Findly, smulations are a great method for solving problems where the theory is difficuilt.
The firgt problem included could easly be solved with knowledge of binomia
digributions. The second, and especidly the third are very difficult to solve theoretically.
Y &, with amulation, the solution can be estimated in a very short period of time.

Problems:

1. A county is50% African-American and 50% Caucasian and an African-American
manisontrid. A jury has been selected that contains 8 Caucasians and 4 African
Americans. The defendant clamsracid biasin the jury selection because its makeup
seems unlikely given theracid percentagesin the county. However, the prosecutor
clamsthat the jury was sdected without regard to race. Isthe defendant’s claim of racia
bias credible? In other words, is sdecting 4 or fewer African- Americans unlikely to
happen just by chance? Use asmulation to estimate the probability of selecting 4 or
fewer African- American jurors smply by chance and use your result to andyze the
defendant’s claim.

2. A cereal company places atoy in every box of cereal. There are 4 different toys that
the company clams are distributed equdly in the boxes. A shopper wanted one of each
toy for achild. She had to buy 15 boxes of cered before she found at least one of each of
the 4 toys. She clamsthat because it took her 15 boxesto find dl 4 toys, the toys were
not equaly digtributed. 1sher clam credible? In other words, if you assume equd
digribution of toys how unusud isit thet it would take 15 or more boxes to find the 4
different toys? Use a amulation to estimate the probability of needing to buy 15 or more
boxes and use your results to assess her clam.
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3. After a5-hour shift watching for speeders on arurd highway, Officer Danid Teague
returned to his gtation with $600 worth of tickets. His supervisor was upset, however,
since he thought that $600 was unusudly low for such along shift. “Stop spending so
much time at the Donut shop!” he says. Big Dan, however, responded that he was not
wadting time and claimsit was just adow day on the highway.

In this Sate, fines are determined based on how many miles per hour the driver is
exceeding the posted speed limit (see table below). The department palicy isto pul over
any driver going more than 10 miles per hour over the speed limit and based on past
observations, the department has estimated what percentage of cars on the highway are
peeding (seetable below). Findly, on atypica day, a police officer will observe one car
per minute and spend 30 minutes every time he has to stop a speeder and issue a ticket
(no warnings in this townt).

MPH over Speed Limit Fine Percent of Drivers
0-10 $0 90%
11-15 $100 7%
16-20 $200 2%
20 or more $300 1%

Was the supervisor too harsh, or was Big Dan Teague telling the truth? Conduct a
smulation to estimate the probability of issuing $600 or lessin gpeeding ticketsinab
hour (300 minute) shift given the information above.

Note: Occasondly an officer will have to give aticket during the last 30 minutes of his
shift. Inthiscase, hewill Hill give the ticket, even though it means he will be on duty for
more than 300 minutes. For example, if he finds a speeder during minute 299, he will be
on duty until minute 329.
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Teacher’ s Notes
Problem 1:
A. Possible methods using manipulatives.

Because there are two equdly likely outcomes from the population, it is
possible to Smulate the selection of each juror by one coin flip. Assgn
Heads=African- American and Taills=Caucasian. To complete asingle run,
flip the coin 12 times and record the number of Africant Americans (number
of Heads).

It isads0 possible to use a spinner to smulate the sdlection of each juror. In
this case, apie chart divided into two equa sections would be both easy to
make and easy to use. Oncethe chart is printed, have students un-bend one
loop of asmall paperclip to use asthe pointer. Using a pencil tip at the center
of the circle to keep the paperclip in place, flick the paperclip to spinit. (See
the gppendix for an example))

This smulation could aso be done with red and black cards or two colors of
beads. However, to maintain the stated mode probabilities when cards are
used, each time ajuror is salected the card should be replaced and the deck
reshuffled. If, for example, ared card is chosen and not replaced then the
probability of asecond red card is 25/51, but the probability of ablack card is
26/51.

Smilarly, with asmall number of beads replace abead when it has been
picked or have alarge number of beads to minimize the effects of afinite
population of objects (cards, beads, etc.) used in doing the smulation. The
rule of thumb that is commonly used isthet if the sample sizeislessthan 1/10
of the population size the effect of drawing a sample from the finite
population isminima and therefore ignored. If the drawing processis done
with replacement, there is no change in the probabilities used in each
Bernoulli trid.

B. Possible method using random digit table:

Assign even digits to represent African- Americans and odd digits to represent
Caucasans. Sdlect 12 digits and count the number of African- Americans
(even digits). Thiswould complete asingle run. The choice of even and odd
digitsto represent the racesis arbitrary; any scheme using 5 digits for each
will work, such as 0-4 to represent African-American and 5-9 to represent
Caucasian.
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C. Possble method using a graphing ca culator/computer:

Assign 1 to represent the sdlection of an African American and O to represent
the selection of a Caucasian. Generate alist of 12 random digitsthat are
ether 1 or 0 and then add the digits to find the number of African- Americans.
Using only 0 and 1 in the assgnment makes it eeder to count the number of
African- Americans by finding the sum of the list Snce adding the 1’ sfinds the
number of African Americans and the 0's do not change the sum. Using more
than 2 different digits (such as 0-9) makes it harder to decide the number of
each race on thejury. The 12 digits represent one run. Note: the Jury
program in the Appendix will conduct the smulation for up to 999 runs and
display the digtribution.

Forming the digtribution

A dudent working alone should do many runs or combine results with other
students. Results should be recorded in afrequency table, dot plot, etc. Note:
It might be ingtructive to have each student record individud results and then
record the combined data to see the effect of increasing the number of runs.
Increasing the number of runs should produce a digtribution that more closely
gpproximates the theoreticd digtribution which is shown below.

DISTRIBUTION OF NUMBER OF AFRICAN-AMERICAN JURORS
(Histogram produced usng JMP-1N)
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Under the assumption of equa probabilities of selection, the number of
African Americans sdlected would have a binomid distribution with p=.5 and
n=12. Thus, the theoretica probability of 4 or fewer Africart American jurors
is approximately .19.

Note: Since the selection of jurors is done without replacement, once a juror
is selected the probabilities for salecting the races are technicdly not equd.
However, if the population of the county is large the changes from equal
probabilities are negligible. Remember that if the Smulation is done by
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selecting red or black cards from a deck, the number of cardsis so smal that
the selection should be done with replacement.

Note: The question that arises is how many runs are “sufficient”. For this
problem you are trying to estimate a“true” proportion of .19, so the margin of

(19)(.80)
n

arror for the estimate is about 2 » .8/A/n . 1f =100 the margin of

error isabout .08, etc. This error estimate assumes 95% confidence.

Conclugion:

With sufficient runs a smulation by any of the 3 methods should produce 4 or
fewer African American jurors gpproximately 20% of thetime. Therefore
this event is not that unusud even though it seems quite far from equdlity of
races. These results or results even more extreme would occur randomly in
about 1 of every 5 juries selected. It appears that the prosecutor has a better
argument. The racid makeup of the jury is not consstent with the charge of
bias.

Note: itisjust aslikely to get ajury with 8 Africanr Americans and 4
Caucasans. 'Y ou may want to discuss which of the 13 combinations students
think are likely to occur by chance and which are unlikdly to occur by chance.

If aquestion is asked about why use 4 or fewer African Americansinstead of
exactly 4, the best answer isin the context of the problem. If the jury
selection shows racid bias a 4 African- Americans, then the sdlection isaso
suspect at any number lessthan 4.

Extensons;

Asafollow up, try testing ajury of 3 African-Americans and 9 Caucasians.
Then the theoretica probability of 3 or fewer Africant Americansis
goproximately .07 and there is a good chance that some smulations will
produce probabilities less than .05. This would be a good time to discuss how
amall a probability should be to support the claim that an event israre or
unusud.
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Problem 2:
A. Possble method using manipulatives.

Since there are only 4 possible outcomes for each box of cered with
equally likdly results, roll adie and assign 1=1% toy, 2=2"" toy, 3=3" toy,
4=4" toy, and ignore any rolls of 5 or 6. Then one run would be
completed once the die has been rolled enough times to accumul ate at
leest oneeach of 1, 2, 3, and 4. Repeat as many times as possible,
recording how many rollsit took to get at least 1 of each.

Y ou can aso use a spinner with 4 equal regions (see teacher notes for
problem 1 for ingtructions on making a spinner and the appendix for an
example).

This smulation could aso be done by choosing cards from a deck with
Clubs=1% toy, Diamonds=2"? toy, Hearts=3" toy, and Spades=4"" toy.
Because the outcomes should be equdly likely and the number of cardsis
relatively smal, a card should be replaced and the deck reshuffled before
the next card isdrawn. One run is completed when at least one of each
auit has been drawn. Repeat as many times as possble or combine results
fromaclass.

B. Possible method using random digit teble.

Sincethere are 4 equally likely outcomes, use 1 digit at atimewith 1, 2
assigned to 1% toy, 3, 4 assigned to 2" toy, 5, 6 assigned to 3% toy, 7, 8
assigned to 4h toy, and ignoring digits 9, 0. Then read the digitsin the

table until at least one from each group has been found. Thiswill

represent onerun. Note: It may be easier to use asingle digit for each

toy; 1=1% toy, 2=2" toy, 3=3"toy, and 4=4" toy, but then you would skip
5-9 and 0 and this would decrease the efficiency of the sdlection of digits.
Repeat as many times as possible, or have students combine results.

C. Possble method using ca culator/computer.

Generate alist/column of random digitsfrom 1 to 4. Becausethe given
example involves waiting for a different digit to occur, you do not know
before generating the random digits how many you need to complete one
run. Also it would be convenient to use the technology to record how
many digitsit takes to generate &t least one of each. Both of these
problems, if usng the full effect of the technology, would best be handled
by programming. If your intent is not programming, then generate along
list of digits and count the number necessary to get a least one of eachin
order to complete onerun. Again, snce the distribution of results (number
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of toys necessary to get a least one of each) is unknown, many runs
should be completed. Note: the Toys program in the Appendix will
conduct the smulation for up to 999 runs and display the didtribution.

Forming the distribution:

Whatever rategy for doing the smulation is employed, drawing
condusionsisthegod. The probability of getting aparticular result (in

our case needing 15 boxes of ceredl to get at least one of each toy) should
be atopic for discusson of what it meansto be an unusud event. Also,
the digtribution of outcomes should be compiled so that avisud image of
arare or unusud event can be seen in the context of whereit falsin the
digribution.

Note: The set of outcomes of the example above, given that thetoys are
equdly likely to befound, isredly 1 plusthe sum of 3 different geometric
digtributions (with different success probabilities). Thisis becausethe
first box bought must contain one of the 4 toys, but once it is bought the
probability that the next is different from thefirst is.75. Once you have
two that are different, the probability that the next is different from both of
thefirg 2is.5. Once you have 3 different the probability that the next is
different is.25. Because the expected vaue in ageometric digtribution is
1/p (p is the success probability), the expected value of number of boxesto
get dl 4 toysis 1+4/3+2+4=8 1/3.

(1- p)
p2
=0+.4444+2+ 12 =

Advanced note: The variance of ageometric digtribution is , SO

1- .75+1- 5 +1- 25
(757 (.5 (.25
14.4444. So you can see that it is getting the 4™ toy that really increases
the total number of boxes needed to get at least 1 of each type of toy.

Va(l+x +x+x)=0+

Thisanalys's, however, does not address the values of the total number of
boxes or the shgpe of itsdigtribution. Thisisthe red reason for the
amulation, the fact that the random variable of interest comes from an
unfamiliar digribution. Here isthe distribution of results produced from
doing agmulation with 900 runs.

2001 NCSSM Statistics Institute 8 Dennis Holland and Josh Tabor



DISTRIBUTION OF NUMBER OF BOXES BOUGHT TO GET ONE
OF EACH TOY
(Histogram and probability produced using a Tl-83)
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Conclusions,

In this smulation the distribution produced by 900 runsis right skewed,
and the probability of 15 or more boxes bought is.06. Other smulations
completed a so appeared right skewed with probabilities of buying 15 or
more boxes between .02 and .1. Depending on what a person or class
agreesis unusud, smulations done by students may produce differing
conclusons.

It might also be interesting to discuss how likely itisto find al 4 toysin
the first four boxes you choose. In our smulation, we found the
probability that it takes 4 boxesto be .09 and that it takes 5 boxes to be
14.

Extensons,

While this example could be expanded to more than 4 prizes, it would not
change the theory enough to learn much more fromit. Two other
examplesinclude:

1. thereisatoy in only aknown percentage of the boxes (dl of the
toys are the same) and the question of interest is the number of
boxes bought to find some number of toys.

2. edimate the probability of finding dl 4 toysin afixed number
of boxes.
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Problem 3:
A. Possible methods using manipulatives.

Using 100 objects of the same size, identify 90 of them as 0-10, 7 of them as 11-15, 2 of
them as 15-20, and 1 of them as 20 or more. For example, this could be done with 100
dips of paper amply by writing alabel on each one. Y ou could also use beads (or
M&M'’s) and use 90 of one color, 7 of another color, etc. In both cases, each run will
congg of continually drawing and replacing objects (which represent cars passing by)
until you have completed 300 minutes.

Y ou can aso use a spinner with 4 regions (90%, 7%, 2%, 1%). In this case, each run will
consst of repeatedly spinning until you have completed 300 minutes. See teacher notes
for problem 1 for ingtructions on making a spinner and the gppendix for an example.

B. Possble method using arandom digit table:

Using the random digit table and taking two digits at atime (00-99), let numbers
00-89 represent cars going 0-10 MPH over the speed limit
90-96 represent cars going 11-15 MPH over the speed limit
97-98 represent cars going 16-20 MPH over the speed limit
99 represent cars going 20 or more MPH over the speed limit

Then, each run will congst of sdecting 2 digits a atime until you have completed 300
minutes.

C. Possible method using a graphing ca culator/computer:

Using the same assgnment of digits as above, generate a list/column of random integers
from 00-99. Since we do not know how many cars we will look at, we don’'t know how
many integersto generate. In our smulations, however, 150 integers per run were more
than enough.  To complete one run, continue down the ligt of integers until you have
completed 300 minutes.
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To keep track of dl the information, atable might be ussful. For example, suppose an
officer observes 11 cars between 0- 10 above the speed limit and then finds a person
going 16-20 over. After spending 30 minutes issuing the ticket, he observes 8 more cars
going between 0-10 over before finding a speeder going 11-15 over.

Number of Time usd Totd Time Fne Totd Fines
Cars
11 11 11 0 0
1 30 41 200 200
8 8 49 0 200
1 30 79 100 300

This process would continue until the total time reaches 300 minutes (or moreif the
officer hasto give aticket in the last 30 minutes of his shift). Thiswould finish one run
and the tota fines should be recorded.

Forming the Didtribution:

A student working alone should repest this process many times or combine the results
with other classmatesto form adistribution of total fines. The more runsthe better! The
distribution can be displayed as a frequency table, dot plot, etc.

For this problem, finding the theoretica digtribution is extremdy difficult. So, to get an
idea of what the distribution should look like, a smulation with 1000 runs was performed
usng IMP-IN 4. The digtribution of totd fines from the smulation is shown below:

Distribution of Totd Fines 035

—0.30

—0.25
L 0.20 Probability

—0.15

—0.10

—0.05

—

I I I I I I I I I I
200 400 600 800 1000 1200 1400 1600 1800 2000

Tota Fines
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Conclusion:

Based on the ditribution, students should decide if $600 is an unusudly low amount,
which gives strong support to the supervisor’sclam.

Extensons

What if Big Dan came back with $2000 worth of tickets? Could this have occurred by
random chance or did Dan “pad” the readings on the radar gun?

Using the same digtribution, you could have students estimate the average amount of
finesin a5-hour period, the maximum amount etc. Y ou may aso have students keep
track of the percentage of days where the officer was forced to work beyond his 5-hour
shift (which happens when he issues aticket during hislast 30 minutes on duty).
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APPENDIX

Spinners for problems 1-3:

Jury Problem Spinner

[ African-American O Caucasian
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Toy Problem Spinner

OToyl OToy2 OToy 3 OToy 4
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Traffic Tickets Spinner

[0 0-10 MPH over limit O011-15 MPH over limit
E 16-20 MPH over limit B 20 or more MPH over limit
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T1-83 Programs for problems 1 and 2:

JURY PROGRAM

Disp "NO. OF"

Disp "RUNS"

Prompt R
CIrAllLists
Radim(L,)
For(Y,1,R)
randint(0,1,12)lLe
sum(Le)dL, (Y)

End

13adim(Lf)
For(Y,1,R)

Lf(L, (Y)+1D)+10Lf (L, (Y)+D)
End

ClrDraw

U.50Xmin

12 .50Xmax

luXscl

u.50Ymin
max(Lf)+10Ymax
Plotl(Histogram,L,)
DispGraph
sum(Lf,1,5)/RUS
Text(1,50,"PROB OF 4"
Text(9,50,"0OR FEWER="
Text(17,85,S)

TOYS PROGRAM

Disp "NO. OF"

Disp "RUNS"
Prompt R
CIrAllLists: 10N
For(Y,1,R)

OUA

ouB

ouc

oub

Repeat A and B and C and Dul
randint(l,4)iz

IT Z=1:A+10A

IT Z=2:B+10B

IT Z=3:C+10uC

I Z=4:D+1uD

End

A+B+C+DuL=(N)

N+1UN

End

max(Le)udim(L,)
For(X,1,R)

L, (Le(X))+10L, (L=(X))
End

ClrDraw

-50Xmin
max(Le)+.50Xmax
1luXscl

G.50Ymin
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max(L,)+1iYmax
Plotl(Histogram,Le)
DispGraph
Line(15,0,15,max(L,)/3)
sum(L, ,15,max(L=))/RUS
Text(1,50,"PROB OF 15 OR"
Text(9,50," "MORE BOXES ="
Text(17,75,S5)

TICKETS PROGRAM
(Note: this program runs slowly, try 10-20 runs at first)

Disp "NO. OF"

Disp "RUNS?"

Prompt R

CIrAllLists

30udim(Le)

For(X,1,R)

OUT:0uF

While T<300

randInt(0,99)UA

If A-89:T+1UT

If A-96 and Au90:Then:
T+30UT:F+10F:End

If A+98 and Au97:Then
T+30UT:F+2UF:End

If A=99:Then:T+30UT:F+3UF:End:End
Le(F)+liL=(F):End:seq(X,X,1,30)uL,
ClrDraw

10Y:Repeat Le(Y)>0:Y+1luY:End
300Z

Repeat Le(Z2)>0:Z-1UZ:End
Y-_.50Xmin

Z+ _.50Xmax

1iXscl

a.l1aYmin

max(Le)+10Ymax
Plotl(Histogram,L, ,Le*)
DispGraph
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JMP-IN 4 Data Table Formulas and Script for problem 3:

Note: Familiarity with IMPIN software is necessary.

To use JMP-IN to do asimulation of this problem, follow the following steps:

-create adatatable called “traffic tickets”

-add 150 rows

-create columns called: “ Speed”, “Time”, “Cumulative Time”, “Fine’, “ Stopping Time”, and “Total Fine”.

It is very important that you use these exact titles.

-in each column you need to insert aformula exactly as shown below (cutting and pasting isagood idea):

-Speed: Random Integer(100)
-Time: If(:Speed <=90, 1, 30)

-Cumulative Time: If(Row() ==1, :Time, :Time+ Lag( :Cumulative Time, 1))
-Fine: 1f(:Speed <= 90, 0, If( :Speed <= 97, 100, If( :Speed <= 99, 200, 300)))
-Stopping Time:  If(:Cumulative Time <= 300 | :Cumulative Time<=330& :Time==230, 1, 0)

-Total Fine: :Fine* :Stopping Time
-create a script called “trafficfinesloop” and paste the following init:

dt=Data Table("traffic tickets");
st=New Table("Fines");
st<<new column("TF");

current data table(dt);

for(i=1, i<=1000, i++,

m=0;

Speed<<eval formula;
Time<<eva formula;
Cumulative Time<<eva formulg;
Fine<<eval formulg;

Stopping Time<<eval formula;
Total Fine<<eval formula;

for(j=1, j<=150, j++, m+=Tota Findj];);

st<<add rows({: TF=m});

)

-when you run the script, it should conduct 1000 runs and produce a datatable called“ Fines” with the
result of each run stored in arow. At thispoint, you can analyze the data set however you want.
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