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The god of the following activities is to provide students with a more concrete idea of
what it meansfor atest of Sgnificance, specificaly thet-test, to be robust. The
following materias describe these activities and the necessary ideas that these activities
address.
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for students to complete. It would be helpful to have that packet when reading these
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Introduction
Every significance test has | | conditions that must be satisfied in

order for the test to be of value. What happens when these conditions are not satisfied?
Well, that depends on which condition is not satisfied and how severely the condition is
violated. The activities we will describe examine what happens when conditions for
significance tests are violated to varying degrees. Conditions will be violated for two
varieties of the t-test that are covered in the AP syllabus.

Suppose atest of significance has a significance level of a. When the null hypothesisis true
and the conditions for the test are satisfied exactly, then the probability of the test leading to a
Type error equalsa. In some situations, violations of the conditions of the test do not cause
the probability of a Type | error to differ greatly from a. When this happens, the test is
caled robust. In other words, if the conditions for atest of significance are not met, does it
still behave “as advertised”?

Through smulation on the calculator students will examine how the probability of a Type
error compares to the stated significance level a when conditions for the t-test are violated.
Before using the calculator, students will complete a worksheet that demonstrates and leads
them through the idea behind the smulation. (These worksheets are in the document
“Violating Conditionsin Significance Testing (Student Materials)”)

The two specific tests of significance we will ook at are

0 One samplet-test for the population mean m
O Linear Regression t-test for the population slope *LIN REG t-TEZT

Before doing these activities, students should have a firm understanding of the mechanics and
details of significance testing, including the idea of a Type | error. Here are two possible
ways these materials could be used:

a After teaching each of the two tests, the corresponding activity on violating a
condition of that test could be completed.

a After teaching al of the tests of significance that a class will do, take alook at these
activities as awhole and see what happens when conditions are violated in these two
tests.

Considering the problem of whether a isequa to the probability of a Type | error, when
conditions are violated, can aso lead to consideration of important topics such as binomia
distributions, confidence intervals, and power. These ideas may serve as agood review at the
end of the year. (See sectiontitted EXTENSIONS)
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One-samplet-test for the population mean

| Overview of necessary conditions |
Congder the t-test for apopulation mean. Two necessary conditions for thistest are

(1) The datamust be a smple random sample from the population of interest.
(2) The population from which the sample is taken must be normaly distributed.

We will refer to the second condition listed above as the normal population condition. It
isunlikely that in redity the population distribution will be exactly norma, and most
textbooks tdll usthet, even if the sample Szeis smdl, thet-test is robust to departures
from population normdity. But what doesrobust mean? To what doesit refer?

We can think about the idea of arobust test in terms of Sgnificance levelsand Typell
errors.

o If the population is normdly ditributed, then the probability that the t-test will
lead to a Type | error (when the null hypothesisistrue) is equal to the stated
ggnificancelevd. Inorder to cal thet-test robust, the probability of the test
making a Type | error should be close to the stated significance level even if the
population isnot normaly distributed. How robust the t-test is will depend
primarily on two factors: the sample size and how far away from normd the
population is.

o Ancther way to put it: 1f the condition of normality for the t-test is not met, the
probability of at-test leading to a Type | error generaly does not equd the stated
sgnificanceleve a. This probability can be close to the Sated sgnificance leve
when the normality condition is not met; if it is close then we say thet-test is
robust againg the violation of the normaity condition.

(The a@bove line of reasoning also applies to the linear regression t-test for the population sope.
The major aspect that changes when looking at the t-test for the population sope is the different
conditions that test requires.)

The TI-83 program ROBUST T smulatest-tests for one meanin the context of different
types of population distributions and for different sample sizesin order to see how the
dated sgnificancelevel a and the probability of atest leading to a Type | error compare.
Using the program is integrated into the worksheet “ Violating a condition of thet-test
for one mean” which can befound in the Student M aterials handout.
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| Program ROBUSTT for thet-test for onemean

The calculator generates samples of size n from one of four known populations. It then calculates
the t-score for each sample and makes the decision on whether we should reject the null
hypothesis or not. The data are generated by using the value of mfrom the null hypothesis, so if
we rgject the null hypothesis we know we have made a Type | error (rejecting the null hypothesis
whenitistrue) The user inputs the significance level (alpha) and the sample size.

» See”Student Materials’ for the worksheet “Violating a condition of thet-test for
onemean” that explainswhat theprogram ROBUSTT isdoing. Itisrecommended
that you look through thisworksheet in conjunction with these Teacher Notes.

Screen Shotsfrom program ROBUSTT for thet-test for the population mean

*LIM REG t-TEST| |ALPHA=.2Z

h=0

POP= NORNAL [ P— |
H FORM | LI | l | =
£ A

S R aLEW TRIANG -LEx 153 -LEr L6
:CHI-S@ (OF=1)
|VDUR L=, 47 [oUR t=2.35
DO HOT REJECT HO REJECT HO

O Keep pressing ENTER to generate more samples of size 5. PressON to quit the program.

O Keeptrack on the appropriate data recording worksheet of whether or not the null hypothesisis
rejected. (See Student Materials handout.)

O Thetablebelow displaysthe results of using the calculator program 400 times for each of four
population distributionsfor a = 0.20 and n =5. While simulation resultswill vary, itis
interesting to note that the probability of rejecting the null hypothesis gets further away from the
stated significance level of a = 0.20 as the population deviates further from the normal
distribution. Thisindicates the t-test may not be robust when the population is strongly skewed
and the sample sizeis small.

R-SKEW _
POPULATION NORMAL UNIFORM TRIANGULAR CHI-SQ (DF=1)
. Fail to . Fail to . Fail to . Fail to
DECISION Reject Ho Reject Ho Reject Ho Reject Ho Reject Ho Reject Ho Reject Ho Reject Ho
TOTALS 80 320 84 316 88 312 103 297
0,
o REJECTED 20% 21% 22% 25.75%
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Linear Regression t-test for the population slope

| Overview of necessary conditions |
Consider the linear regression t-test for the population slope. The necessary conditions for thistest are

(1) The data must be a simple random sample from the population of interest.
(2) The standard deviation of the errors is constant for al values of x.

(3) For afixed value of x, the distribution of the errors around the mean value of y is
normally distributed with a mean of 0 and a standard deviation of s.

We will refer to the second condition listed above as “ constant standard deviation of errors’. We
will refer to the third condition listed above as “ normality of errors’.

O The constant standard deviation of errors condition may be violated when we have
residual plotsthat “fan out” as x increases. Consider the pictures below. The picture on the
left is a scatter plot of bivariate data with the least squares regression line (LSRL) drawn in.
The picture on the right is the residual plot for that regression line. Note how the points on
the residua plot tend to be further away from zero as x increases. Thisis evidence that the
constant standard deviation of errors condition might be violated.

Scatter plot of yvs. x Residual Plot
(LSRL included)

O The normality of errors condition is violated when the population of errors for a fixed value
of x is not normally distributed. Now, when we collect data we often have only one vaue of
y for afixed value of x. Then how do we check this condition? Well, we usualy look at all
the residuals from our sample data and check for skewness and outliers.

Itisunlikely that, in redity, the constant standard deviation of errors and normality of errors
conditions will be met exactly. How robust is the linear regression t-test for the population sope
to violations of these conditions? The process of determining this is what the worksheets in the
Student Materials section will develop. The TI1-83 program ROBUSTT will speed up the
process once the students understand the underlying process. Our criterion for robustness will be
the same as it was when we looked at the t-test for the population mean. We will violate a
condition and compare the stated significance level a to the rate at which we incorrectly reject the
null hypothesisin our smulation. If the two numbers are close to the same, then the t-test is
robust againg violations of this condition.
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| Program ROBUSTT for thet-test for theslope |

The calculator generates samples of size n from a population on which two quantitative variables are

measured. In this activity it will always be given that the slope (b) of the population regression line is
0; that is, these variables have no association. But if we take a sample of size n from this population
and use the slope of the sample regression line to test whether or not b = 0, we will, on occasion,
incorrectly reject the null hypothesis. Ideally, the rate at which we incorrectly reject the null
hypothesis should equal the stated significance level a of the test. If we violate conditions of the
linear regression t-test, will the rate at which we make a Type | error till equal the stated significance
level? That iswhat we will attempt to determine through this activity.

> See“Student Materials’ for the worksheet “Violating conditions of the t-test for the
population slope” that explains what the program ROBUSTT isdoing. Itis
recommended that you look through thisworksheet in conjunction with these Teacher
Notes.

Screen Shotsfrom program ROBUSTT for thelinear regression t-test

fLINM REG +-TEST| |ALPHA=.2Z2 ASSUMINMG THAT
HO IS TRUE
n=
CALCULATI
CRITICAL “YALUES
W ERRDRS= noRMALcInesToEw)|  |ErRoRs= noRmALcIne st pEW]
* NORMAL S g ING) = | | C
S=CHI-SR <OF=1> -1.64 L.64 -1.64 L.64
|"t'DL|E t=-.6 |YOUR t=2.13
DO HOT REJECT HO REJECT HO

O Keep pressing ENTER to generate more samples of size 5. PressON to quit the program.

O Keep track on the appropriate data recording worksheet of whether or not the null hypothesisis
rejected. (See Student Materials handout.)

O Theclasscan combineresultsin atable like the one pictured below.

NORMAL WITH
DISTRIBUTION NORMAL INCREASING ST. CHI-SQ_UARE
OF ERRORS ® DEV. (DF=1)
. Fail to . Fail to . Fail to
DECISION Reject Ho Reject Ho Reject Ho Reject Ho Reject Ho Reject Ho
TOTALS
% REJECTED Ho
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The data recording worksheet | ets students keep track of whether or not an individual sample leadsto

| Directionsfor using datarecording wor ksheet |

rejecting or failing to reject the null hypothesis. Spaceis provided for students to record the values of the
significance level a and the sample size n that they are using. Thisworksheet isin the Student Materials
handout. Suppose we do at-test for the population mean using a sample size of 5 and a significance level

of 0.20. Calculator screen shots are provided below for 6 trials and the appropriate box is marked on the
datasheet. It isinteresting to record the values of t for which we reject the null hypothesis. The non-

normal populationstend to give the more extremet-scores. The numbers—1.53 and 1.53 in the pictures
below are the critical valuesfor our t-test. t-scores outside of this range lead to the null hypothesis being

rejected.
FOF= NOKMAL ! |ror=noRnAL i FOF= NORMAL
] | ] | = ] s |
-LEF  LEE -LEx  LE: -LEx  4E:
YOUR t=.352 MOUR t=2.7 |‘r'EIL|E t=.45
00 WOT REJECT HO REJECT HO 00 MOT REJECT HO
FOF= hOKMAL ! |ror=noRnAL ! |pop= normaL q
LI | b | | = |
-LEx  L.EE -LEx  LE: -LEx 4.5z
|VOUR t=-Z2.92 YOUR t=-1.4% |‘r'EIL|E L=-.92
EEJECT HO OO0 WOT REJECT HO| DO WOT REJECT HO
Alpha = 0.20
Sample Size = 5
1
POPUIL
NORMAL UNIFORM RIGHT TRIANGULAR CHI-SQUARE (DF=1)
TRIAL Reject Ho R(;Zi(lttao Reject Ho ReFjZi(,!ttlc;o Reject Ho R(;g!ttlzo Reject Ho Reﬁggttlzo
1 X
2 2.7
3 X
4 -2.92
5 X
6 X
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| Miscellaneous comments about thisactivity |

o Many teachers use the word conditions instead of assumptions when referring to
the criteriathat should be checked when performing significance tests. The word
conditions suggests that there are criteria the students can actudly check before
performing their test. The word assumptions might imply that sudents can
“assume’ the criteriaare true and not bother to check or investigate. The word
conditions is used throughout these materias with these facts in mind.

o After doing the activities and Smulations, sudents may get the idea that every
time you rgect the null hypothesis that you have madea Type error. Students
should be reminded that the data were smulated by using the vaue of the
parameter in the null hypothesis. Thus, we are certain that if we rgect the null
hypothes's, we have made a Type | error. Point out that when doing tests of
sgnificance “for red”, we do not know if the null hypothesis istrue. Thus, when
we rgect the null hypothess, we could certainly be (and hopefully are) making a
correct decision!

0 Have sudents choose asgnificance leve that will lead to the null hypothesis
being rgected. Though the examplesin the Teacher Notesusean a = 0.20, we
recommend using an a = 0.10 when doing this activity with your sudents. Using
adgnificance leve of 0.05 will often cause no rgections to be madein 25 trids
when the population distribution isnormd. Point out that aa of 0.10 would not
normally be used in practice — we use it here so that we will see some rgjections
of the null hypothesswhen it istrue.

Students could check more standard values of a, such as0.05 or 0.01, with
different sample szes for homework assgnments.

o Students need to know how to perform alinear regresson t-test for the population
dope before completing the worksheet “ Violating conditions of thet-test for the
population slope’.

o When usng the program ROBUSTT, press ENTER to smulate the t-test
repeetedly. The only way to stop the program is by pressing the ON button.

o Intheprogran ROBUSTT, the two numbers that gppear on the top haf of the
screen (e.g. —1.53 and 1.53) are thet criticd vauesfor the sample Sze selected by
the user. t-scores outsde of thisrange will lead to the null hypothesis being
rejected.

o Theprogram ROBUSTT puts the caculator in split screen mode (caled “HORIZ”
on the calculator.) To reset the calculator to full screen mode, go to MODE and go
down to the last line and select FULL.
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| Extensions

1. Consider the case when we take 25 samples of size n from anormd distribution using
adgnificanceleve a of 0.10. We can think of the number of tests out of 25 in which
we reject the null hypothesis as following a binomia digtribution with n =25 and
p = 0.10. After completing 25 trias students can calculate the probability of getting
at least as many “Reject Ho” tests as they obtained using the binomia distribution.

2. Congder a specific population distribution (normal, uniform, right-triangular, chi-
square). After combining student results (say 40 rgjections out of 400 trids), students
can make confidence intervals for the probability of atest making a Type | error for
each of the four types of population distributions. Then look to see which of the
confidence intervals captures the stated significance leve a.

3. Suppose that the stated significance level a is0.20. Let p represent the probability of
at-test (with n = 5) leading to a Type | error if the underlying population is a chi-
sguare distribution with 1 degree of freedom. If we smulate n independent  t-tests,
what is the probability that we will conclude that p is greater than 0.20 if, in fact, it is
0.25?

) _ Ho,:p=0.20
We are testing the following hypotheses:
H,:p>0.20
If we let n represent the number of independent t-tests that are generated and use a
significance level of a = 0.05, then the following tables give the probability of
rejecting the null hypothesis for various values of p for which the alternative
hypothesis is true — this probability is the power of the z-test for one proportion.

Notice that power increases as n increases (for the fixed alternative p = 0.25) and as
the aternative value p increases (for fixed n).

n p POWER
25 0.25 0.173
50 0.25 0.241
100 0.25 0.358
200 0.25 0.545
400 0.25 0.785
n p POWER
200 0.20 0.05
200 0.25 0.545
200 0.30 0.951
200 0.35 0.9989
200 0.40 0.999995
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| T1-83 program codefor program ROBUSTT |

ClrHome

Full

Disp "THIS PROGRAM","CLEARS
LISTS","Le,L,,Lf,L,,,L."",""","HIT
ON TO QUIT™,"™ " ,"ENTER TO BEGIN"
Pause

ClrHome

ClrDraw

AxesOff

PlotsOff

FnOff

10Q

Menu("**TYPE OF TEST**","t-TEST(1
MEAN)",A,"LIN REG t-TEST",C)

“"T-TEST FOR MEAN"

Lbl A

1aw

{1,7,14,31}0L,

{6,7,17,17}0Lf
""NORMALUN I FORMR-SKEW
TRIANGULARCHI-SQUARE (DF=1)"uStr1l
Output(l,1,"*t-TEST(1 MEAN)*")
Disp "™

Disp
Input "ALPHA=",A

Disp "

Input "n="",N

1-AlC

ClrHome

Disp "DATA
ARE"™,""SIMULATED", ""ASSUMING
THAT","HO IS
TRUE", """ ,"CALCULATING
t","CRITICAL VALUES..."
Tinterval 0,8(N),N,C

Menu(***POPULAT ION
TYPE*",""NORMAL"™,1,"UNIFORM",2,"R-
SKEW TRIANG",3,"CHI-SQ (DF=1)",4)

Lbl 1

10K

randNorm(0O,1,N)uLe
mean(Le)/(stdDev(L*)/0(N))UT
Goto 5

Lbl 2

20K

rand(N)ULe
(mean(Le*)-.5)/(stdDev(L=)/d(N))uT
Goto 5

Lbl 3

30K

(1-o(rand(N)))uLe

(mean(Le=)-
(173))/(stdDev(L=)/3(N))uT

10

Goto 5

Lbl 4

40K )
(randNorm(0,1,N))UlLe
(mean(Le)-1)/(stdDev(Le)/0(N))uT
Goto 5

"LINREG T-TEST"

Lbl C

3aw

{1,7,26}0L,,

{6,19,17}0L..

""NORMALNORMAL (INC ST DEV)CHI-
SQUARE (DF=1)"uStr1
Output(l,1,"*LIN REG t-TEST*")
Disp """

Disp
Input "ALPHA=",A

Disp "

Input "n="",N

1-AlC

ClrHome

Disp "DATA
ARE"™,""SIMULATED", ""ASSUMING
THAT","HO IS
TRUE", """ ,"CALCULATING
t","CRITICAL VALUES..."
seq(X,X,1,N,1)lLe
TInterval 0,0(N-1),N-1,C

Menu(*"*ERROR
STRUCTURE™, ""NORMAL"",21,"*"NORMAL (Cy
INC)™,22,"CHI-SQ (DF=1)",23)

Lbl 21

210K
randNorm(O,1,N)uL,
LinRegTTest Le,L,,0
T

Goto 5

Lbl 22

220K
randNorm(0,1,N)dL,
Le*L,0Lf
LinRegTTest Le,Lf,0
tuT

Goto 5

Lbl 23

230K )
(randNorm(0,1,N))udL,
LinRegTTest Le,L,,0
T

Goto 5

"DRAWING PICTURE"
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Lbl 5

If 0>1

Goto 6

loweriL

upperuu

U-LUB

U+BUXmax

L-BUXmin

OuYmin

1dYmax

Horiz

Line(L,.2,L,.6)
Line(U,.2,U,.6)
Line(Xmin, .6,Xmax, .6)
Line(Xmin, .33, Xmax, .33)

"TOP LINE"

1If w=1

Then

Text(3,1,"POP="")
Text(3,18,sub(Strl,L,(K),Lf(K))
End

If W=3

Then

Text(3,1,"ERRORS="")
Text(3,30,sub(Str1,L,,(K-20),L..(K-
20))

End

Text(24,22,round(L,2))
Text(24,58,round(U,2))
DispGraph
StorePic 9

"EVERYONE GOES HERE"

Lbl 6

Pt-0On(T, .45,2)

I T>Xmax
Text(13,80,"-->")

IT T<Xmin
Text(13,6,"<--"")

Q+1u0Q

ClrHome

ITf W=1 or W=3
Output(2,1,"YOUR t="")
If w=2
Output(2,1,"YOUR z=")
Output(2,8,round(T,2))
IT abs(T)>U

Then
Output(4,5,"REJECT HO'™)
Else

Output(4,1,"DO NOT REJECT HO'™)
End

Pause

ClrHome

ClrDraw

RecallPic 9

11

"STARTI

If K=1
Goto 1
1T K=2
Goto 2
I K=3
Goto 3
1T K=4
Goto 4
If K=21
Goto 21
1T K=22
Goto 22
1 K=23
Goto 23

NG OVER™

Teacher Notes— Violating Conditions



