Sampling Distributions and Inference
What Do We Know and How Do We Know It?
(Student Pages)

In gatigica inference we are generdly interested in identifying a population parameter from
among dl possble vaues. The ability to describe one or more characteristics determined by the
parameter isvitd. Typicaly, inference compares an observed sample with these known
characteristics of possible populations to judge the likelihood of that sampl€e's occurring.

In this setting, then, it isimportant to know the candidate populations and to know characteristics
distinguishing one population from another. The following sequence of activitiesisredricted to
populations congsting of only two types of dements, “success’ and “failure’. The god of the
inference is to estimate the proportion, p, of the population that are successes.

Problem Setting:

Suppose that an automobile manufacturer wishes to have 60% of its vehicles be free of warranty-
related repairs during the first three years after the car issold. If too few cars go three years
without repairs, the company will be branded as selling “ lemons.”  If too many cars need no
repairs, opportunities for income through the service department of dealerships diminishes. One
dealership decides to check this performance by examining the service records of 20 randomly
selected cars sold three years ago. They find that exactly 5 of these 20 cars have needed no
repairs covered under warranty. Isthis evidence that the 60% goal for all car sales has not been
met? What is a reasonable estimate of the actual percentage of all cars sold that need no
covered repairs during the three-year period?

The count of carsin the sample that actually needed no repairs during the three-year period isa
sample statistic. We will refer to it as the “number of successes’ and denoteit by x. Thus, for
this scenario, x = 5. The deder needs a datistica estimate of the proportion, p, of successes
among all carssold. This proportion is a property of the population.

Wewill examine this scenario through a sequence of smulations, building from physicd to
numerica to caculator or computer based. The primary god isto see what “should” happen for
known populations (known values of p). Theresulting sampling distributions will then permit
estimation of the actua (but unknown) proportion p. A key ideais that each population gives
rise to a predictable distribution of the sample gatidtic, x.

In smple terms, the dedler wants to know:
whether the observed result should be surprising if the 60% rate is accurate,
just how surprising the observed result isif the 60% rateis correct,
for what actud rates the observed result would not be surprising.

Keep in mind, too, that athough the observed number of “good” cars seems surprisngly low, it
would aso be of interest to the dedler if that number were surprisingly high.
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Physical Smulation:

Understand that the Situation you are Smulating isthat of selecting 20 cars, independently, from
apopulation in which the proportion of “good” cars (successes) is p and counting the number, X,
in your sample that are good.

Mathematicdly, then, each run must involve selecting 20 “somethings’ in such away that no
selection influences other sdections, and each selection must have probatility p of being a
success. After dl 20 are sdlected, the desired “output” vaue is the count of the number of
successesin the sample.

One physica mechanism for implementing this smulation is a bag of candies of various colors.
Red can represent success with dl other colors representing faillure. The mix of colorsin your
bag will define what the actual population proportion, p, isfor your smulation. Selecting one
candy represents checking the repair record of one car. In order to keep p constant from one
“car” to the next you will need to replace the candy after its color is checked.

Y ou will be given abag containing amix of candies, some red and some not. Each of your
classmates has a different population with a different value for p. Each bag islabdled with its
vaueof p.

Sdect asample of sze 20 (with replacement) from your bag.

Record the number, x, of candiesin the sample that are red.

Repeat the sampling 9 more times (so you have 10 vaues of x).

Make a dot plot of your observed x vaues.

Interpret your plot. Isasample of size 20 with 5 reds likely to have come from your population?
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Numerical Smulation:

Since you are smulating the process of sampling from a population, the physica smulationis
conceptudly very easy. You redly are doing the sampling; only the items in the population
have been changed for ease of handling. However, the method has a couple of mgor drawbacks.

Firg, physicd smulation isdow. It takestime to complete enough runs for the didtribution of x
to be informative. Ten runs probably are not enough to get a sense of what dl possibilities might
be.

Even worse, though, isthe lack of flexibility in sdecting vdues of p to usein the smulation.
Each new vadue of p that you wish to examine requires a new bag, carefully counted to contain
the correct proportion. Numerica smulation addresses these problems.

A new mechanism for your smulation uses random integers from 001 through 100 to represent
cars, with integers 001 through 100p being successes and integers 100p+1 through 100 being
falures. For example, with p = 0.6, then [001, 060] represents successes and [061, 100]
representsfallures. Then select 20 integers from [001, 100]. Count how many of the 20 are less
than or equal to 100p to get the smulated x vadue.

Use arandom number table to execute this Ssmulation mechanism for your assigned vaue of p
10 times.

Make a dot plot of your x vaues and interpret it. Isasample of Sze 20 with 5 successes likely to
have come from your population?

This Imulation mechanism permits much grester flexibility in choosing the population (thet is
the vaue of p) on which to base the smulated the sampling. Still, only vaues of p for which
100p isaninteger may be used. In addition, using arandom number table remains pretty dow.
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Calculator Smulation:

The mathematica description, and the mechaniam for redlizing avadid smulation, given in the

preceding section are not limited to random number tables. Calculators and computers usualy

have built-in random number generators.  In fact, many caculators dlow you to select dl 20

vaues, sore them to aligt, and count the successes dl at once. For example, the TI-83 command
randint(1,100,20) ® L1:sum(L1£ 100*0.6)

effects one run of one sample of Sze 20 using p = 0.6, soring the samplein list L1 and reporting
the number of successes on the home screen.

Use gppropriate calculator (or computer) commands to carry out 100 runs with your assigned
vaueof p.

Make adot plot or histogram of x.

Interpret your plot. Isasample of sze 20 with 5 successes likely to have come from your
population? About how likely isit that a sample of Sze 20 with 5 or fewer successes would be
drawn from your population? About how likely are samples with 16 or more successes?

For your population, what values of x seem reasonably likely to occur for samples of sze 20?
How did you decide?
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Calculator Smulation I1:

Y ou have smulated sampling 20 items from a population in avariety of ways. Each smulation,
though, has retained the elements of the origina Situation. Regardless of the method used you
could identify each individua sample and its 20 items, identify the successes, and count them.

Now that you understand how that simulation process works, you can turn the details over to
technology in order to gain the speed necessary to permit looking at Smulations involving many
more runs. “Output values’ (X) collected according to the mathematical conditions described in
the Numericd Simulations section are said to be binomidly ditributed. Many caculators and
computers accept commands that generate binomialy distributed vaues directly. For example,
the TI-83 command:

randBin(20,0.6,300) ® L1

generates 300 random X va ues corresponding to samples of size 20 from a population in which
p = 0.6 and storesthe xsinlist L1. Thetradeoff for greater speed and more runsisloss of detail
within each run. Now, though you can tel how many successes gppear in each sample of 20,
you can no longer see each set of 20 or know which items were the successes.

Use your caculator or computer to generate at least 300 runs smulating the sampling process
from your assgned vaue of p. (More runs are better, but everyone in the class should use the
same number for easier comparisons.)

Make a histogram of the resulting x values.

Interpret your plot. Isasample of 9ze 20 with 5 successes likely to have come from your
population? About how likely isit that a sample of Sze 20 with 5 or fewer successeswould be
drawn from your population? About how likely are samples with 16 or more successes?

For your population, what vaues of x seem reasonably likely to occur for samples of sze 20?
How did you decide?
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The Logic of Inference:

Theinitid stated purpose of inference is to identify an unknown population by examining a
samplefromit. You and your classmates have examined many different populations (different
vauesof p). Thus, you have different smulated hisograms of x vaues representing samples
from your populations. It isuseful to compare the results of your entire class to see how
different populations lead to different sampling distributions of X. Remember, the initid idea
was that these sampling distributions might be able to help identify your populations if only
sample information were known. Knowing p determines the distribution of xs; knowing x tells
you what population(s) it might have come from.

On a separate sheet of paper, or on your calculator screen, and using a common scale assigned by
your teacher, make a histogram of your smulated x vaues.

Add avertical line on your hisogram a x = 5.

Pace your completed graph on atable or chalkboard tray as instructed by your teacher.

When dl graphs are in place, walk dong the entire display to see how “x = 5” isrelated to each
sampling didribution (thus, to each population).

Summarize the amilarities and differences among the sampling distributions based on the
various populations. What role does p appear to play?

Using the agreed- upon decision criterion, determine whether the observed x = 5islikely to have
come from your bag. Thiskind of decison is known formaly as atwo-sided hypothesistest, a
topic you will study soon.

Lig dl the populations (vaues of p) from your class for which the observation x = 5 was judged
to belikely. This set corresponds to what is known formally as a confidence intervd for p based
on your sample value.
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