The Geometric Die

Object of the game: Accumulate the most points by the end of the fifth round
Object of the lesson: Introduction to the geometric distribution.

Time:

Length of time depends upon how many questions answered and whether
computer smulation is done

Assumptions: Student will have dready studied discrete probability distributions and be

Rules:

NP

6.

7.

ableto caculate an expected value.

Each round begins the same way with al students standing up by their desks.
Teacher rollsadie. If theroll isal, thefirs round is over.

If therall isanything ese, the sanding students score is the number of pips showing
onthedie

Students now decide whether to remain standing or whether to st. If the student Sits,
their score remains.

Teacher rollsthedieagain. If therall isal, dl sanding sudents lose dl their points
and the round is over. If therall isany other number, the standing students add the
showing number of pipsto their previous score.

Pay continues until a1 is rolled, or no students are fill standing. This completes a
“round’.

The game ends after five rounds have been played.

Questions:

1
2.

Notes:

How many times must the die be rolled, on average, in order to get a1?
What isthe expected score if my dtrategy isto St after n rolls?

Use avery large die— like the ones used for car rearview mirror decorations (fuzzy
dice).

Thisisan example of a geometric random variable. The expected number of rollsis
1/p where p = 1/6. Thus, the expected number of rollsto get aoneis®6.

Play thiswith the class until the students have decided upon a persond srategy or for
10-15 minutes (or as much time as you have to devote to the game).

Smulate the rolls with a caculator and/or random number table, then with a
computer.

To calculate the expected score after n ralls, it is necessary to create the probability
digribution. This can be done by physcdly writing out every possibility or one can
appesal to combinatorics. Asn increases, the number of calculations quickly becomes
overwhdming. Thisisthe vaue of amulation.

Question #1: How many rolls do I expect before a one is rolled?
Hand simulation using a die:

1

2.
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Each sudent rollsadie until a1 gppears. Count the number of rolls, including the
roll that resulted ina 1.

Do this enough times to generate a class set of at least 200 rounds of data. Students
should record their initid datain an individud chart.



3. Combine class data by recording it in the class data chart.
4. Create ahistogram for the class data set.
5. Beow isatypicd result for n = 1000. The graph was generated by Jmp-Intro®©.

Hand simulation using a calculator:
1. Usecdculator to generate an integer from 1to 6. Each time an integer is generated
countsasa“roll”.
2. Count the number of ralls, including the roll that resulted ina 1.
3. Record and andlyze data as stated in method #1.

Hand simulation using a random number table:
1. Turnto arandom number table. Look at onedigit a atime. If thedigitisO, 7, 8, or
9, ignoreit. Otherwise each digit countsasa“roll”.
2. Count the number of ralls, including the roll that resulted ina 1.
3. Record and andlyze data as stated in method #1

Computer simulation:

Open Jmp-Intro.

Click on New Data Table.

Double click on Column and rename it asgeom Press enter.

Right click on geom and choose Formula...

Jmp-Intro has a built-in random number generator that follows the geometric

digribution. It returns valuesfrom O to n, soit is necessary to add 1 to the formula

In the formula box, type 1 and click the + sgn. Click on Random — Random

Geometric. Replacethe p in the red box with the fraction 1/6 (the probability of

gettinga*“1”). Pressenter. Click OK.

6. Click on the blue triangle to open the left Sde of the spreadshest.

7. Click on the word Untitled and rename the worksheet to geo data.

8. Click on the red triangle by the workshest title.

9. Click New Table Property.

10. Nameit refresh.

11. Type geom.<<eval formula and click OK.

12. Click on thered triangle for the rows.

13. Click Add Rows.

14. Add as many rows as you want, up to 1000. Click OK. Jmp-Intro will autometicaly
fill both the row number and the random numbers for the geometric column.

15. Click Analyze— Distribution.

16. Click geom. Click Y, Caumns. Click OK.

17. Y ou will now have a histogram and boxplot smilar to the one below. Notice that
there are only afew vaues of interest: the 5 number summary and the mean. Note
aso that the mean should be near 6 since that is the expected vaue for a geometric
digtribution with probability 1/6.

18. If you wish to generate anew set of data, click on the red triangle by r efresh and
click on Run Script. Thiswill generate anew sat of numbers that can then be
anayzed the same way as before.

gaghhwbdpE
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Individud Daa Table Class Data Table

Round | Number of rolls Number of Rolls__| Tally
1 1
2 2
3 3
4 4
5 5
6 6
! 7
8 8
9 9
10 10
11 11
12 12
13 13
14 14
15 15
16
‘IIB—EI;:"""':
H_!TH-!T!-LH"l---u--"'l"-'-l
0 10 20 30 40 50
Mean 6.118
Std Dev 5.8280393
100.0% maximum 48.000 N 1000
75.0% quartile 8.000
50.0% median 4.000
25.0% quartile 2.000
0.0% minimum 1.000

Question #2: What is the expected score if my strategy is to sit after n
rolls?

Notes:
1. Studentswill first determine a persond strategy, which may not be mathematicaly the
most advantageous, but will, ingtead, suit their individua persondities (risk taker, more
conservative, etc.)
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2. Since the expected number of rollsto get a1 is 6, one would anticipate that the score
would rise until the likelihood of rolling a 1 becomes so overpowering that the score
tends back towards zero.

3. Infact, it ispossbleto caculate by hand the digtribution of the scores for early strategies.

Analytic approach:

Strategy: St after n=1rall:

Score [lo 2 3 4 6
Prob(score) | 1 1 1 1 1
6 6 6 6 6 6

A score of O resultswhenalisrolled. Otherwise the scoreis the number showing on the die.
Each number is equdly likely to appear, so the probabilities are dl equd.

=]

Expected score = E(score) = § Xp(X) = (0+2+3+4+5+6)8g;:_:_

Thus, in the long run, a sudent who gts after the firgt roll should expect the average score for the
round to be between 3 and 4 (3.33).

Strategy: Stafter n=2ralls
Score |0 4 5 6 7 8 9 10 11 12

Prob(score) 11 1 2 3 4 5 4 3 2 1
36 36 36 36 36 36 36 36 36 36

To cdculate each probability, one can eadly write out dl the possibilities. Note that the
didribution is symmetric after the score = 0. The probability for score = 0 can aso be found
using the geometric digtribution for p = 1/6.  Complete solution is shown on last page.

Expected score = E(score) = é_ Xp(X) =
adlo

246 56 200 50
€36

1.. 2.. s
0220, 4412810, (5411)E20, (5110) B304 (74.9) B0, g2 0
%365 %36 5 %365 %365 &365 36 9

So, in the long run, a student who sits after the second roll should expect the average score for
the round to be between 5 and 6 (5.56).

Strategy: St after n=3rolls
Score ] 0 6 7 8 9 10 11 12 13 14 15 16 17 18

P(score)| 91 1 3 6 10 15 18 19 18 15 10 6 3 1
216 216 216 216 216 216 216 216 216 216 216 216 216 216

1500 125
EXeCtedscore—Escore:° xp(x)= =—— =2
g ( )=a k) 216 18

Explanation for some of these probabilitiesis given on last page.
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Although the probabilities for any strategy can be found in a ssimilar manner, this becomes time
consuming and tedious. An adequate approximation can be determined through simulation.

Hand simulation using a die:

1. Determinethe particular strategy to be smulated. Cdl it n.

2. Each sudent rollsthedie n times. If al gppearsin any of theralls, the scoreisO. If
the student is successful in avoiding the 1 after n rolls, then the total scoreiswritten
down.

3. Do thisenough times to generate a class set of at least 200 rounds of data. Students
should record their initid datain an individud chart.

4. Combine class data by recording it in the class data chart.

5. Create a histogram for the class data st.

6. Beow isatypicd result for n = 1000. The graph was generated by Jmp-Intro©.

Hand simulation using a calculator:
1. Set upthe cdculator to generate n integersfrom 1to 6. Each list of integersisa
“round’.
2. If any of the numbersintheroll isa 1, then the scoreisazero. Otherwisethe scoreis
the sum of theintegersin the round.
3. Record and andlyze the data as stated in method #1.

Hand simulation using a random number table:
1. Usearandom number table. Look at groups of n digits, being careful to use only the
digits 1 through 6. Each group of digitsisa“round’.
2. If any of thedigitsinthe group isal, then the scoreiszero. Otherwise the scoreis
the sum of the digitsin the group.
3. Record and andlyze data as stated in method #1
Class Data Chart
Individual Data Chart Score | Tally
Round | Score
1
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Computer simulation:

Note: The directions are for smulating the srategy: sit after 5 rolls. This can be changed
to any number of rolls desired by increasing or decreasing the number of columns used and
adjusting the formulas appropriately.

Open Jmp-Intro.

Click on New Data Table.

Double dlick on Column and relabd the column asint1 and press enter.

Double click on the next column to the right and nameit int2. Press enter.

Repeet until five columns have been renamed.

Click on the blue triangle to open the left Side of the Soreadshest.

Click on the name untitled and rename it smulation.

Jmp-Intro will creste random integers for each column you have named. Right click

onintl and click on Formula...

9. Click Random —Random Integer. Replace the nl in the red box with 6. Thiswill
create random integers from 1 to 6 to represent theroll of the die. Click enter.

10. Click on the outside edge of the box to outline the entire formulain red. Press control
C to copy the formulato the clipboard. Y ou will need this formulafor each of the
other int columns. Click OK.

11. Right click each of the other columns and copy the formulainto the formula box by
using control V. Be certainto click OK after each paste.

12. Click on thered triangle for the rows.

13. Click Add Rows

14. Add as many rows as you want, up to 1000. Click OK. Jmp-Intro will automaticaly
fill both the row number and the random numbers for each of the labeled columns,

15. Name anew column score.

16. Right dick on the column. Click on Formula...

17. Click Conditional —If. Click int1, type = (which return a double equas sgn and
outlinesanew box inred). Type1 and click enter. Click on the outside box to
outline the entire typing in red.

18. Click Conditional — Or. Click int2, type =, and click enter. Click on the outsde
box to outline everything in red.

19. Repest until the command lookslike: intl==1| int2==1| int3==1] int4==
| int5==

20. Click inthethen clause box. Type 0 and press enter.

21. Click intheelse clause box. Click intl, +, int2, +, int3, +, int4, +, int5.

22. Click OK. Thetotd scoreis now caculated for each row of data, representing a
round of play.

23. Click Analyze — Digtribution. Click scores. Click Y-Columns.

24. Click OK. You will get adigplay smilar to the one on the next page.

25. In order to run this smulation multiple times eesily, click on the red triangle by the
workshet titler smulation.

26. Click New Table Property.

27. Nameit refresh

28. Click in the Value window.

ONoOsWNE
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29. Typethefalowing: int1l << eval formula; int2 << eval formula; int3 << eval
formula; int4 << eval formula; int5 << eval formula

30. Click OK.

31. If you wish to generate a new set of data, click on thered triangle by refresh and
click on Run Script. Thiswill generate anew set of numbersthat can be andyzed in
the same manner as before. Since the exact vaues were not calculated (given) for
this srategy, it is important to generate severa sets of data to determine a better
gpproximation for the mean score for this Strategy.

} <> 100.0% maximum 29.000
‘ 75.0% quartile 19.000
50.0% median 0.000
25.0% quartile 0.000
0.0% minimum 0.000
Mean 8.403
T T T T T | - |ﬂ|-I !.Iﬂ I-In I]'D‘F'H'F"F'T Std DeV 10133572
0 10 20 30 N 1000

Complete solution for strategy: sit after 2 rolls.

p(score=0) = %+ % g%g fortheralls (1,2), (1,2), (1,3) (1,4), (15, (1,6), (22),

’ 31), (41), (5.1), (6,1)
n(score = 4) = % for the rall: (2.2).
p(score = 5) = % for theralls (2.3), (3.2).
o(score = 6) = % for the rolls: (24), (33), (4.2)
plscore=7) = % for therolls: (2,5), (34), (4,3), (5.2)
p(score = 8) = % for theralls: (2,6), (35), (44), (5,3), (62
p(score=9) = % for theralls: (36), (4,5), (5.4), (6.3)
p(score = 10) = % for therolls (46), (55), (6:4)

p(score=11) = % for theradlls: (5,6), (6,5)

p(score=12) = % for therall: (6,6)
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Partial solution for the strategy: sit after 3 rolls.

.. .2
p(s(;ore: 0) = E+E&50+ 10

6 6&6p 6867
p(score=8) = 2_(156 found from variations of (2, 2,4) and (2, 3, 3)

To determine variations of (2,2,4) = a3 oaég =3
2Ky

To determine variations of (2,3,3) = @‘?‘#2 =3
K2
p(score = 11) = 21—186 found from variations of (2,3,6), (24,5), (34:4), and (3.3,5)

Variatonsof (2,3,6) = ggz& 6
0

Variatonsof (2,4,5) = ggz& 6
0

Vaiationsof (3,4,4) = ggg =3
7]

Variationsof (3,3,5) = gzgz 3
{4

All other probabilities for thistable are caculated in a smilar manner.
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