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Using Taylor’s Theorem and Simpson’s Rule
to Improve Euler’s Method

Euler's Method alows us to generate approximate solutions to ordinary differential
equations with an initial condition. In this session, we want to determine error bounds when using
Euler’s Method, and find improvements that will generate smaller errors without reducing the size
of the interval Ax. In the process, we will make several connections via Taylor's Theorem and
the Fundamental Theorem of Calculus between Euler's method and the traditional techniques of
numerical integration, including Simpson’s Rule.

Euler’s Method
Given the differential equation %: f'(x) with initial condition (X,,Y,), we can use the
iteration
X = %, + X
Your = Yo * 1 (XY, ) X

to generate ordered pairs (xn, yn) that approximate points on the graph of the solution to theinitial
value problem. The computed value y, is an approximation of the true value f(x,). How
accurate is this estimate y, and what can we do to make it more accurate with the same interval
length Ax ?

As an example, consider f'(x)=5x* with initia value (L1), so f(x)=x°. If we let
Ax=0.1 and use just 1 iteration, we generate the approximation y, =1.5 while the true value
f (1.1) =1.611. The error (Exact minus Approximate) is0.111.

FL1=1611

L5t f[xj:xﬁ » =15

Fuler Approzimation

095 1 1.05 1.1 1.15

Figure1: f(x)=x" and Euler Approximation at x=1.1

Our approximation is too small. Why? What characteristic of f determines whether the
approximation using Euler's method is too large or too small? By drawing a few graphs, we
should see that the curvature of the graph of f determines the direction and size of the error in
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Euler’ s method. Consequently, we should expect the error to be related to the second derivative of
f.

¥y =fz) Tangent at x =025
} too high =ror
Error
y=fxz)
Tangent at z=0.5
too lowr
0.5 1 0 0.5 1
Concave Up Concave Down

Figure 2: Errorsin Euler’ s Method Tangent Line Approximation

The Fundamental Theorem of Calculusand Euler

We begin by looking at the error in just one iteration of Euler's Method. The Fundamental
Theorem of Calculus states that, if f'is continuous on [x,,x] and f is any antiderivative of f',

then
[ 1= £00) - x).

When solving differential equations, we know that % =f'(x) and bxo,yog lies on the curve. By

the Fundamental Theorem of Calculus we have
f00) = 100) +[ ' (x.

We know that f(x,) =Yy, and we want to approximate f(x,) with y,. We will rewrite the
Fundamental Theorem as

%:%+krumx

(If you are thinking ahead, you will notice that this statement will lead to the iterative equation
Yol = Y, +LX”+1 f'(x)dx.) To compute y,, we need to evaluate the definite integral lef "(x)dx.

If thereis no error in the integration, thereisno error in y, .

If Ax=x,—X, is small, we know that this integral can be approximated using a left-
endpoint rectangle. The product f'(x,)[Ax approximates the integral, so the value of f(xl) can
be approximated with

Yo = Yo+ F1(%) IAX.

2002 TCM Conference 2 teague@ncssm.edu



Using Taylor’s Theorem and Simpson’s Rule to Improve Euler’s Method

This is the traditional Euler's method iteration. Consequently, the error in Euler’s method is
exactly the error in this approximation of the integral. Let's consider how this error should
behave. What characteristic of the graph of f' determines the sign and size of the error in using a

single rectangle to approximate the integral (we will think of it as an area)?

If the slope of the graph of f' is positive, the rectangle will be too small, and the error
(Exact minus Approximate) will be positive. The steeper the slope, the greater the error.  But the
slope of f' is determined by the size of f', so we should expect the error in the numerical
integration to depend upon the value of f', just as it was with Euler’s method. Let’slook at this
idea more closaly.

8T T=1'x) 8T y=f'ix)

0.93 1 1.03 1.1 1.13 0ok 1 108 11 118

Figure 3: The areaunder the curve is approximated by the area of the rectangle

11
The definite integral I5x4dx =0.611. If we use aleft-hand rectangle to approximate this
1

area, we have f'(1)(0.1)=5(0.1)=05. The error is 0.111, the same as the error in Euler's
Method.

AnalysisUsing Taylor’s Theorem

Now lets consider an analytic approach to this situation. We will change the notation a
little to make the algebra easier to read. Our error in Euler’s Method in one iteration with interval

ath

size h is the same as the error in the numerical integral j f'(x) dx. By Taylor's Theorem, we

know that
f'(x)=f'(a)+ " (c)(x-a) for some cO(a,a h).

The vaue of ¢ required for equality depends upon the value of x at which f is being
evauated. Inthisanaysis, with the interval (a,a+ h) small, we consider c to be a constant. This

a+h
will alow us to compute a good estimate of the exact value of the integral I f'(x)dx. This

a

estimate of the exact valueis
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ath a+h , ,
E= J-f’(X)dX: J-f’(a)+f' (C)(X—a)dxzf' (a)h+m

Our approximation using a left-hand rectangleis A= f’(a) h, sotheerroris

] 2
-f'(a)h :@ for some cO(a,a h).

As expected, the error is proportional to the value of the second derivative. In our example with

f'(c)h? . 20(1.1)°(0.2)°
f'(x)=5x* on [11.9], % has a maximum value of & =0.1331, so we know
the error in one iteration of Euler’s Method will be less than 0.1331. The actual error is 0.11051.

If we repeat the iterations n times, we have n of these errors hooked together to take us

over theinterval [a, b] with h= B, then the accumulated error is approximately
n

((0)) b-alt(O0) 1 opn.

E .. =n
Total 2 h 2 2

The values of ¢ in each interval differ, so this is only an approximation of an approximation.
However, we notice that decreasing the size of the interval h by one-haf should cut the

accumulated error by one-half. In our example f'(x)=5x*, if n=5, we have a maximum error

of %(b ~a) f*(c)h =%(1.5 ~1)20(1.5)° (0.1) =1.6875. Theactual error is 0.97605.

| mproving Euler

Now that we know the error in Euler comes from the error in a numerical integration
technique, we have several ways of improving Euler’s Method. We simply use a better numerical
integration technique. We know several: Trapezoid Rule, Midpoint Rule, and Simpson’s Rule.
All lead to an improved Euler’s Method.

Trapezoidal Rule

First, lets consider the Trapezoidal Rule. Here, we find the value of the definite integral

a]‘hf’(x)dx by using
(1(@)+ 1 (@)

2
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Figure 4. The area under the curve is approximated by the area of the trapezoid

We see that the sign of the error in the trapezoid rule depends upon the concavity of the
function f' rather than the slope, so we should expect an error proportional to the second

derivativeof f',thatis to f" . Let'sseehow it works.
By Taylor’s Theorem we estimate the exact value of the integral (producing no error in y,)
by considering ¢ constant,

E:iff'(x)dx:t[hf'(a)+f' (@) (x-a) +2  (c)(x -a
- /(a)ns AT %[ r (g)hgj

We can rewrite the approximation A:gtﬁf’(a) +f'(a+h)) aso using Taylor's Theorem, o,

f'(x)=f'(a)+f" (a)(x-a) +% f (c*)(x—a)2 for some ¢’ O(a,a h)
and
f'(a+h)=f'(a)+f (a)h+%f' (c*)h2 for some ¢ O(a,a h).

This means that

A:gtéf'(a)+f’(a)+f' ()h+2 v (c*)hzj = (@)h 21 (@ 21 (¢)n

The values of c and ¢ are different, but if h is small, we they are approximately the same value.
With the simplification ¢’ = c, the error is given by
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E—A{f'(a)m f"(a)h” +1( r (C)hsﬂ —[f’(a)h+%f' (@)1 L ¢ (c)hs}

3

Does the sign on the error make sense? If the function f' is concave up, then f*" (c) >0. Also,

the Approximate areaistoo large and E — A isnegative. Let’sturn thisideainto an improvement
on Euler’s Method.

Huen’'s M ethod

The area of atrapezoid is given by the length of the base multiplied by the average height
of the two sides, in our case thisis A:AxElzrbf "(%) + f '(Xl)g. SOy, =Y, +lef’(x) dx can be
X0

approximated by b
N (xo);f )

Y1=Yo

Iterating this scheme produces Huen's method

It (x) I

yn+1 = yn

The error from Huen's method is very much less than with Euler's method. To see why,
look at the defining iteration from a slope of the tangent line point of view. We have

Y1 =Yo +%bf (%) + f '(xl)gAx.

This iteration computes the slope of the tangent at two locations, x, and x,. If the
function is concave down (as in Figure 5), we know that Euler's method will overshoot the curve.
The next slope computed, m2= f'(x), will therefore be smaller than the previous slope
ml=f'(x,). By averaging the two slopes, we get a computed value of y, that is smaller than
that given by Euler's method, and is thus a better approximation. If the function is concave up,
just the opposite happens, our computed value of vy, is larger than the value given by Euler's

method.
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| ]
%, %,

Figure5: At x,, move off at aslopethat isthe average of ml and m2

The figure below illustrates the improvement of Huen's Method over Euler's
Method with one iteration.

Huen's Iethod V= 1.61603
fil.1hy=1.4610651
15T
F1= 15
Euler's hethod
1+
} } } } | }
1 1.02 1.04 1.086 1.08 1.1

Figure 6: Comparing the Accuracy of Euler’s and Huen's Methods

The values are f(1.1)=1.61051 and y, =1.61603 with an error of only —0.00552. The
maximum value of error bound is

1 1 2 3
-——f" h® = -——(60)(1.1)" (0.1)" = -0.00605.
L1+ (g =-2(60) L1y (0)

Our observed error is within this bound. If n iterations of Huen’s Method are used, the
combined error is
— r 2
n —if'(c)h3 _(b-a)(_ 1. (c)r° _(b-a) " (c)h |

Cutting the size of the interval h in half reduces the accumulated error by one-fourth.
Since the error in Huen's Method depends on the third derivative of f, we know that Huen's
Method will give exact values for quadratic functions.
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Differential Equationsin x and y

How does Huen's method work if the derivative is known in terms of both x and y? If
dy _

r a(x,y), we simply evaluate g at each point b)g Y g . This generates the iterative equation
X

1
Yot = Yo +§bg(xn,yn) + (%01 Your)

If you look carefully at this equation, you will see a problem. We have defined y.,, in
terms of itselfl How do we get around using y,,, on the right hand side of the equation? Huen
solved the problem by estimating the value of y,,, on the right hand side using Euler's method!
That is, Huen defined

Yoer = Yo +9(%,, ¥y) X
and then defined y,,, with

Yo = Yo +%Cg(xmyﬂ) RN
Writing asingle expression for y.,, intermsof x, and y, , we have
Yo = Yo +%€g(xn,yn) +9(%, +AX, Y, +9(X, ;) mx)j Bx.
Midpoint Formula

a+h
We can also approximate J'f’(x)dx by using the midpoint formula f'(a+gj[ﬂ1.

What should the error look like and how would this work as an Euler iteration? To determine the
error bound, we repeat some of the analysis from the Trapezoidal Rule. We have the same exact

value
[ 2 L] 3
E=f’(a)h+f (a)h +1[f (c)h ]
2 2 3

We can also rewrite the approximation f '(a + gj (h using Taylor’s Theorem, so,

2
f’(a+gJ:f’(a)+f' (a)g+% f (c)(gj for some ¢’ O(a,a& h)..

As before, the values of ¢ and ¢ differ, but not by much if hissmall. Theerror is

E—Az{f'(a)m f*(a)h” +1[ r (C)hsﬂ {f'(a)h % " (a)h? % F (c)h3]

3
Thissimplifiesto
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E—Az(%—%j () = (o).

This error is half that of the Trapezoidal Rule and has the opposite sign. Does the sign of
this error make sense?
To implement this as an iteration, we consider

Yo = Yo + f'(xn +%j o
What is happening in terms of the slopes of the tangent lines? Instead of using the tangent
a x,, we move ahead and compute the slope of the tangent half way through the interval, but

draw it a x,. If f' isconcave down, this slope at x0+g will be smaller than the one at x,, so

the slope will give a better approximation. If f' isconcave up, thisslope at X, +2 will be larger

thantheone at X, .

Iidpoint Fule
Eaxact Value

15T
Eulet's hethod

] ] ] ] ] ]
1 1.02 1.04 1.06 1.0% 11

Figure 7: Comparing the Accuracy of Euler’s and the Midpoint Methods

Thevaluesare f(1.1)=1.61051 and y, =1.60775 determined using the midpoint formula

The error is 0.00276, half as large and with the opposite sign as Huen's Method. The maximum
value of error bound is

1 1 2 3

— f"(c)h® =—(60)(1.1)"(0.1)” =0.00303.

1 (o) = (60)(1.1)"(0)

Simpson’s Rule
Since the error in the Trapezoidal Rule (Huen's Method) is opposite in sign and twice the
value of that in the Midpoint Rule, we should be able to put the two together and create an even

better form of Euler's Method. By averaging the value from Huen’s Method and twice that from
the Midpoint Rule, we should find a method with an error close to zero. We create
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A=%{[(f'(a)+;'(a+h))(h)]+2{f'(a+gj(h)}

which simplifiesto

h

A:E(f’(a)+4f’(a+gJ +f'(a +h)j.

which should be recognized as Simpson’s Rule. To determine the error, we need to use more
termsin Taylor's Theorem. We have

Tr(gocT (@) (a)(x-a) +2  (a)(x-a) +5 10 (x)(x ) +1 161 (c)(x ) ox

a a

Evaluating the definite integral with ¢ constant gives us

Yy 1., 2, 1. s, 1 @ s, 1 L 5
E f(a)h+2f (a)h +6f (a)h +24f (a)h +120f (c)h®.

Using Simpson’s Rule, we have the approximation

:%[f’(a)+4f'(a+gj +f'(a +h)].

Rewriting each terms gives

A:g f’(a)+4—:[f’(a) +f (a)(gj N f'z(a)(gjz N f(“)(a)(g]?‘ 7 (c*)(hﬂ

and simplifying

Yy 1., 2,1 s, 1 . 4,9 £ 5
A f(a)h+2f (a)h +6f (a)h +24f (a)h +576f (c)h®.

Finaly, E- A= —ﬁ £ (c)h°. Sothistechniquewill be correct for 4™ degree polynomials.

To implement this technique as an Euler iteration, we define

Yoos = Vo +%[f'(><n)+4f’(xn +%j +f(x, +A<)j 2.
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The graph below indicates the accuracy in one iteration. The true value is f (1.1) =1.61051 and
y, =1.6105104167 using Simpson’s Rule, giving an error of only -0.0000004167. Since
f®(x)=120 the vaue of the error _K180 f@(c)h® is constant.  We have
—%(0.1)5 =0.0000004167 . Thisisthe predicted error correct to 10 decimal places.

162 T

+—— Trapezoid Approzimation

Actual Value
161 T Simpson's Approxzimation

+—— Nlidpoint Approxzimation

f 1.0a7 l.DIDTS 1.IIZIDE l.UIDES 1.IIZI5l§| l.DISlDS 1I.1
Figure 8: Comparison of Errors for Trapezoid, Midpoint, and Simpson’ s Approximations

Simpson’s Rule is equivaent to the Runga-Kutta Method when the differential equation is
afunction of x only. When % is afunction of both x and y, the Runga-Kutta Method is a slight
X

modification of Simpson’s method. By applying Taylor’s Theorem and the Fundamental Theorem
of Calculus, we can use Simpson’s Rule to improve Euler’ s Method.
The MathCAD documents following illustrate the relative accuracy for the methods

dy

discussed in this paper for solving the differential equation v =5x* with initial conditions (Ll)
X

using Ax=0.1. The accuracy of iterations forN =1 (approximating 1.1°) and N =100

(approximating 11°) are shown.
As a practical matter, the midpoint method is far better than Euler and very ssimple to
create. Thereisnot much differencein writing

Yo = Yo + F7(X,) OX
and

yn+1=yn+f(xn +%ij,

so this might be the method of choice for simple problems.

When % is afunction of both x and y the errors are not so easy to analyze and are larger,
X

since additional error is added with each iteration. The midpoint method is a little more difficult
towrite. Now, instead of
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yn+1: yn + f'(Xn,yn)AX
we have

, AX Ay
=y +f +—,y +— | X.
Yo = Yn (Xn > Yn 2]

The question is how to find Ay. We know that Ay=y,-y, and
Yoo = Yo + (X, ) X by Euler. Then

Dy =y, + (%, o) DX =y, =1 (X, Y, ) IX.

Putting all this together we have

f'(xn,yn)AxJAX
o | A

, AX
Yo = Yn +f (Xn +7’yn +

The plot below illustrates the improvement for f'(x,y) =2xy with initial condition (0,1)

using Ax=0.1 and 10 iterations. The function being approximated is y = e over the interval

[0.1].

% T

25T

15T

a 0.z 0.4 0. 0.g 1

Figure 9: Comparing Euler and Midpoint Methods for f'(x,y) = 2xy

MathCAD Comparisons of Error Boundsand Errors
Example 1. Theerrorin 100 iterationswith Ax=0.1.
i-0.N  Ax-01  N-=100 9(x) - 5x° f(x) = X°

Left Endpoint
ye.  -ye+ g<xi>-Ax f<xN> - ye, = 3637.8334999994
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Trapezoid Rule
3 3
9%, + 9%,

Vi,V , Y. ax f(xy) - Yty =-22.16650
Midpoint Rule

Xi - Xi +1
Y, g oYM g /-Ax f<xN> - yn), =11.0831874¢

Simpson's Rule

A %%
YS .- Y§+ 6X-<g<xi> + 4-g< | , ’ 1> + g<xi+ 1>/ f<xN> - y§, = 0.0000416672

Example 2: Oneiteration with Ax=0.1. Actual error compared to the maximum value of the
error bound.

Left Endpoint

ye . -ve+ g<xi>-Ax f<xN> - ye, =0.11051
20 (x "3 Ax(x
Maximum Error < N/ 5 < N X0> =0.1331
Trapezoid Rule
9%~ 9%, g
VEo Ve , -IX f<xN> - yt,, =-0.005515
2
DX (X~ X
Maximum Error - 60 <XN> 2-<?\le0/ =-0.00605
Midpoint Rule
N Xi - Xi +1 \ _
ym g mymeg /-Ax f<xN |~ ym, =0.002756875
2
DX (X~ X
Maximum Error 60- <XN>2-<21X0/ =0.003025
Simpson's Rule
AX 5% \\ \ —
VS, 1= YS+ 6-<g<xi> + 4-g< ) g(xi+ ) f<xN/ - y§, =0.0000004167

1
Maximum Error —-120-Ax"(x, - X, =0.0000004167
2880 /

2002 TCM Conference 13 teague@ncssm.edu



Using Taylor’s Theorem and Simpson’s Rule to Improve Euler’s Method

Example 3: Twenty iterationswith Ax=0.1. Actua Error compared to the maximum value of

the error bound.
Left Endpoint
Y, 1 =Yg+ g Ox

Maximum Error

Trapezoid Rule

N N
9%) 9% 4
Vi, g =Yt </ 2<|+ X

Maximum Error

Midpoint Rule

<Xi+xi+1\
R e s

Maximum Error

Simpson's Rule

A %% \
ySI+1ySI+6X-<g<Xi>+4-g<I ;(|+1>*g<xi+1>/

\ —
f<xN | y&, =19.5667

20- <XN>3-AX- <xN - >
2

=54

\ -
f<xN |- Y, =-04333

2 (v x)
60 <XN> Z_AX<);-N2XO/ =09

\ —
f<xN | - ym, =0.2166375

2
\Z_AX <XN N XO>

N y 0%

60- <x

\ -
f<xN | - ¥§, =0.0000083333

1
Maximum Error———-120-Ax - <xN - xo\ =0.0000083333
2880 4

References:

Atkinson, Kendall, Elementary Numerical Analysis, 2" Edition, John Wiley & Sons, Inc.

New York, New Y ork, 1993.

Burden, Richard, and Douglas Faires, Numerical Methods, PWS-Kent Publishing

Company, Boston, Massachusetts, 1993.

Y akowitz, Sidney, and Ferenc Szidarovszky, An Introduction to Numerical Computations,
2" Edition, Macmillan Publishing Company, New Y ork, New Y ork, 1989.

2002 TCM Conference 14

teague@ncssm.edu



