The Gas Station Problem 

Every driver recognizes the fluctuations in gas prices that happen almost on a weekly basis.  In my area, a local radio station has a special report on the location of the gas station with the lowest price per gallon for regular gas.  Of course, that station is likely to be across town from where you are driving.  Is it worth the drive across town for less expensive gas?  If you know the locations and the prices at all gasoline stations, at which station should you buy your gas?   How can students go about answering this question?  This edition of Everybody’s Problem will consider the process students can go through to develop a model for this situation.  

Asking the Question


First, we need a more clearly defined question to consider.  Advanced students should be able to do this refinement on their own.  For beginning students, the teacher will need to formulate the problem in a more tractable and clean form.  

You drive to school every day.  On the route you take from home to school, there are several gas stations.  Unfortunately, the prices on your route are always high.  A friend tells you she buys her gas at a station several miles off your normal route where the prices are cheaper.  Would it be more economical for you to drive the extra distance for the less expensive gas than to purchase gas along your route? 
When presented a very open ended question like the one above, what questions should students be asking themselves?  How should they proceed to create a model to answer the question?
Create a Specific Example 

We always encourage our students to create a small, specific version of the problem and try to answer the question about that specific model.  This special case will help the students clarify the problem, determine the important variables, and suggest approaches that could be useful.  One example of such a problem is:

Suppose there is a station on your normal route that sells gas for $2.00 a gallon.  A station 5 miles off your route sells gas for $1.85 a gallon.  Should you travel the extra distance to buy gas at that station?

Notice that we have selected some simple numerical values to work with.  We can also draw a diagram to illustrate the problem.  
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Figure 1:  The simple problem


Why wouldn’t we drive the five miles to buy cheaper gas?  If we changed the problem so that the cheap gas is 50 miles away, we can quickly see that we would use up the money we saved in purchasing the less expensive gas by driving to the station.  This tells us that the number of miles per gallon (mpg) of our car gets driving in town would be an important factor, and suggests that the answer to the question might be different for two students who drive different cars.  The student driving an SUV getting 10 mpg might be less likely to drive the 10 miles (5 miles out to the station and 5 miles back to your route) than a student driving a small car getting 30 mpg.  


We now have a more refined problem on which we can work.    


Station A is on your normal route and sells gas for $2.00 a gallon while Station B, which is 5 miles off your normal route, sells gas for $1.85 a gallon.  Your car gets 30 mpg, and your friend’s car gets only 10 mpg.  Should either of you drive to Station B for gas?

Now we have a problem we can do some interesting mathematics on!   Notice that we are still choosing “nice” numbers in our example problems.  We don’t need to be too realistic at this stage; we are just trying to see the structure of the problem, and working with simple numbers helps us do that.
Solving the Simple Problem



Let’s first consider your car.   For Station A, there is no cost to drive to the station since it is on your normal route and you drive by it every day anyway.  You just pull in and pay $2.00/gallon to fill up.  How much you spend depends on the size of your gas tank.  So, another variable has been identified.  

Suppose your car has an 11 gallon tank.  Let’s imagine that you always fill the tank when your car has one gallon left in the tank.  At station A, you put in 10 gallons of gas for a total cost of $20.  For Station B, you must drive 10 miles out of your way.  You buy 10 gallons of gas for $18.50, but not all of it is “useable gas” since you will use 
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 of a gallon of gas getting to and from the station.  So you have paid $18.50 for 9.67 gallons of useable gas.  We can now compare the price per gallon of useable gas.  For Station A it is 10 gallons for $20, which is $2.00 a gallon of useable gas.  For Station B it is 9.67 gallons for $18.50, which is  
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 per gallon of useable gas.  It is certainly to your financial advantage to drive to Station B.  What about your friend?


Now that we know that useable gas is a good way to compare the two stations, our work is much easier.  If your friend’s car also has an 11 gallon tank and buys gas when there is one gallon left in the tank, then she will  purchase 10 gallons for $20.00 at Station A, all of which is useable.  So her price per gallon of useable gas is $2.00.  However,  at 10 mpg, she will use a full gallon on the drive to Station B.  Consequently, she will pay $18.50 for 9 gallons of useable gas.  That translates to $2.06 per gallon of useable gas, which is not such a good deal.  You should drive your car to Station B for the less expensive gas, but your friend should stick with Station A.
Considering the Size of the Gas Tank


Students will know that most big cars with low mpg have larger gas tanks.  Does this make a difference?  Suppose your friend’s car has a 25 gallon tank instead.  Now, that doesn’t affect the cost per useable gallon at Station A; it’s still $2.00 per useable gallon.  At Station B, she purchases 24 gallons at $1.85 per gallon for a total cost of $44.40.  Since a gallon was used in driving to station B, she buys only 23 gallons of usable gas, which is 
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 per useable gallon.  Now, that’s a deal!  So, we see that the size of the gas tank (the amount of gas we can purchase at one time) is an important component of the problem.  

If we are working on this problem in a large class setting, we might want to work on an example at this point to check the student’s understanding.  

Example Problem:  There are 4 gas stations that sell gas for different prices.  Station A is on your normal route and sells gas for $2.00/gallon.  Station B is 5 miles from your route and sells gas for $1.85/gallon.  Station C is 10 miles from your route and sells gas for $1.80/gallon, while Station D is 2 miles off your route and sells gas for $1.95/gallon.


Consider three cars.  Car 1 gets 10 mpg and has a 10 gallon tank.  Car 2 gets 10 mpg and has a 20 gallon tank.  Car 3 gets 20 mpg and has a 10 gallon tank.  From which gas station should the driver of each car purchase their gas?


By working through simplified versions of the problem with specific numerical values, the problem becomes one of determining an appropriate method of comparison and the arithmetic of making that comparison.  One of the most common difficulties students have in modeling is trying to make the problem too hard too soon.  Playing around with the problem as illustrated here is very important and the time taken to play with the ideas should not be cut short.
Developing An Algebraic Solution


Now that we have a good idea about how the problem works with specific values, we can write an algebraic representation.  The important variables have been identified.  We know that the prices, distance, mpg, and tank size are all important.  

· Let 
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 represent the price per gallon at the station along our route and P the price per gallon at the station we are considering.

· Let D represent the distance in miles from the normal route that must be driven to get to the gas station.  

· Let M represent the miles per gallon of the car you drive along the route to the gas station.  

· Let T represent the number of gallons of gas we purchase when we buy gas. 

We have seen that the price per useable gallon for the station along your route is just the price per gallon, 
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, since all of the gas purchased is useable.  We are therefore always comparing our cost per useable gallon to 
[image: image7.wmf]*

P

.  

To compute the price per useable gallon for the other stations, we compute the cost of the tank of gas 
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.  The cost per useable gallon is the ratio of these two values 
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.  This is the index we are using for comparison, so we will call 
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.  We might want to simplify this expression to make the computations easier, so 
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.   Now we have a formula that drivers can use to make their decisions.  We should buy gas at the distant station if 
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Variables and Parameters


For the individual driver who has only one car to consider, the values of P and D are variables in the equation 
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.   The driver will want to consider all of the different gas stations, all at different distances D, and selling gas at different prices P.  Of course, 
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 would be the price of the least expensive gas on the driver’s normal route.  


For a given car, the values of M and T are fixed.  A car has a gas tank of a given size, and the gas mileage is also fixed for the car.  Consequently, we think of M and T  for an individual car as parameters in the equation 
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.   This distinction is not particularly important in this problem, but it is a nice example of the distinction between a variable and a parameter in an algebraic equation.  


In our model, we are using T to represent “tank size”, but it is really the amount of gas we purchase at the station.  In our example, it is one gallon less than the actual tank size.  We assume in our model that this value is constant.  Also, students know that gas mileage varies depending upon the driving conditions and speed of travel.  Our model assumes a constant mpg for city driving.  In a more refined model, we might also vary  these attributes.  
The Difference in Prices


Students may wonder if it’s the actual prices or the difference in prices that is important.  Would the decision be the same if the prices were $3.00 and $2.85 instead of $2.00 and $1.85, since the difference is 15 cents in both cases?  We can find the difference in prices (denoted 
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.  If we can combine all the 
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 and P terms into one 
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 term, then we can reduce the number of variables in the problem.  It is almost always to your advantage to reduce the number of variables in a problem, if it is possible.  By reducing the number of variables, we make the equations more tractable and simplifies our work.

We can rewrite the inequality as 
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 and so 
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.  Finally, we have 
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.  Notice that our expression for 
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 in the result.  We were not able to isolate 
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, so the choice does not depend just on the change in price.  The price 
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 is also important.  Our inequality does give us some useful information, however.  It tells us that it is worth traveling the extra distance (using our measure of useable gallons per dollar) if the difference in price at the station off our normal route is greater than 
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, a car with 
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 would require a price difference of 20 cents before it would be worth the trip, while a car with 
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 would require a price difference of only 6 cents before it would be worth the trip.
Other Measures


In our initial investigation, we came upon the idea of buying “useable gas’ fairly early in the process, worked out some examples, and then wrote an algebraic solution.  It is now time to reflect on our work.  In modeling, an answer is never the last step in working a problem.  Can we improve our model?  Now that we see how things work, is gallons of useable gas the best measure we can find?  Will other measures give different solutions?  Regular readers of Everybody’s Problem have seen numerous examples where the solution is very sensitive to the choice of measure or the index used. 

What else could we use?  What do we really buy at the gas station?  What do we really pay to drive to the station?  Instead of buying gas, suppose we think of buying miles of driving.  We buy gas to buy miles, and we use up some of those miles going to the station.  Is “driving miles per dollar” an equivalent measure to usable gas per dollar?  Would it be easier to work with driving miles per dollar?

If we think about buying miles, our model changes.  The number of miles of driving in a tank of gas is 
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 and the number of driving miles per dollar is 
[image: image40.wmf]2

TMD

TP

×-

×

.  We would drive the extra distance if the number of driving miles per dollar at the far station is greater than that a the station on our route.  Algebraically, this is  
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.   Rewriting, we see that this is the same criterion as before, 
[image: image42.wmf]*

2

MTP

P

TMD

××

>

×-

.  

Students may also think that one price you pay in driving the extra miles is in time.  In our model, if we save even a penny, we decide to drive to the far station.  A more refined model could consider how much money our time is worth and whether the savings in money at the gas pump is worth the loss of time.  For example, we may be willing to take an extra 20 minutes to save several dollars while we wouldn’t drive that distance to save several cents.     


If we want to add time to the index, then we need to consider the speed at which we travel the distance D.   When we considered buying miles, we were able to just modify our solution for useable gas.  If we want to add time and speed to the problem, we  would go back to the beginning with specific stations at fixed distances selling at specified prices.  Then we would select several speeds (20 mph, 45 mph) and work with the simple model again to get an idea of how this modification changes the problem.  Only after playing with the problem in this way would we attempt to write an algebraic equation.  We will leave that investigation to the interested reader.  
Level Curves and Focusing on a Specific Car

One way to look at functions of two variables like our index 
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 is to use level curves.  Many spreadsheets and graphing software will plot level curves or contour plots for you.  If we consider our index 
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, by fixing M and T (selecting a particular car), we can visualize the relationship between P and D that gives the same value of the index I.  

Figure 2 illustrates the level curves for a car with 
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Figure 2:  Level curves for 
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The graph of level curves is just like the weather map that shows the temperatures across the country each day;  all of the locations where the temperature is 60 degrees are connected by a smooth curve.  In the graph in Figure 2, the numbers on the curves represent the value of the index.  All ordered pairs (Cost per Gallon, Miles from Route) lying on a level curve have the same index.  Consider the curve labeled with an index of I = 2.  Four stations (A, X, Y, Z) are marked on the curve.  All four stations have the same value of the index.  At each point on this curve, which looks very linear, the index value is 2.  So the gallons of useable gas per dollar is the same for a station on the route selling for $2.00 per gallon (Station A), a station 5 miles from the route selling for $1.90 per gallon (Station X), a station 10 miles from the route selling for $1.80 per gallon (Station Y), and a station 20 miles from the route selling for $1.60 per gallon (Station Z).

Suppose you are considering a station about  miles away, and the station on your route is selling gas for $1.83 per gallon.  By following the $1.83 level curve in Figure 2, we see that the distant station must sell it’s gas for less than $1.70 per gallon to make it worth going to the distant station.


Now, compare the level curves in Figure 2 with those in Figure 3 for a car with 
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.  Notice that the curves are not nearly as steep.  In Figure 2, if the cost of gas on our route is $2.00 per gallon, we could travel 25 miles for gas sold for $1.50 per gallon.  However, for the car described by Figure 3, we would only be willing to travel around 12 or 13 miles.  We also can see that a station approximately 7 miles away selling gas for $2.00 has an index that is roughly equivalent to a station on the route selling gas for $2.85.  
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Figure 3:  Level curves for 
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Focusing on a Specific Station
 


We can also fix P and D (a given station)  and visualize the relationship between M and T that gives us the same index I .  Technically, we are thinking of P and D as parameters and M and T as variables.  The graph in Figure 4 illustrates the relationship between the gas mileage and tank size relative to a station with 
[image: image53.wmf]10

D

=

 and 
[image: image54.wmf]$1.85

P

=

.
[image: image55.png]g
a0

2
25
£

Log

152

153

\

190

» P 5
Tank Size (T in gallons)

a5

)




The level curve whose value is 1.99 tells us that any car with tank size and mpg that fall above this curve would be better off going to this station as compared to Station A (
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), since 1.99 < 2.00.  We also see that a station with index 1.90 is equally valuable to a car with a gas tank that allows a purchase of 30 gallons and gets 25 mpg and one that has a gas tank that allows a purchase of 21 gallons and gets 35 mpg.  
Concluding Comments 


The primary goal of this issue is to emphasize the importance of encouraging students to take the initial time to play with small problems using simple numbers.  By spending time with these special cases, students can develop a feel for the problem, can see what is important and what can be left out, and can use their work to develop a more general form of the model.  Our experience with students new to modeling is that they want to jump to the algebra before they have really understood the structure of the problem.  By not spending the time early to play with the situation, they often miss important ideas that could greatly simplify and improve their work.  
This problem is a variation on a problem developed for class use by Landy Godbold (Westminster School in Atlanta).  The authors gratefully acknowledge his contribution to this article.  
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