Expected Value Theorems

A random variable is avariable whose value is a numerical outcome of arandom process.

Definition 1: The expected value of the discrete random variable X, denoted E(X), is
definedto be E(X) =) xp(x). Thisisanother way to define the mean of the population,

0 E(X)=p.

Definition 2: The variance of the discrete random variable X, denoted V(X) , isdefined to
be v/ (X) = E((x-u)’).

Expected Values of Linear Transformations

Theorem1:  E(
Pr oof : E(

)=aE(x)

)=Za>ﬁp(>ﬁ)=ai2xp(>ﬂ)=aE(><)-

ax
ax

Theorem2:  E(X+b)=E(X)+b
Pr oof: E(X +b)=zi:(>§ +b)p(><i):z>ﬁ p()g)+2bp(xi)

=3 xp(x +pr E(X) +b smceZp

Expected Values of Sumsand Products

Theorem3:  E(X+Y)=E(X)+E(Y)

Proof: E(X+Y) =X X (x +v,) p(x) p(y)
=ZZ>ﬁp(-) p(n)+ XX vip(x)p(v)

but x p()g) is constant in the summation over j, and y; p(yj) isaconstant in the summation
overi. Sowe have

pr(&)gp(yj)i P(x)Zy,p (v,) =E(X) m+1E(Y) =E(X) +E(Y).

(Note that this theorem does not require the random variables X and Y to be independent.)



Theorem4:  E(XY)=E(X)E(Y), when X and Y are independent random variables.
Proof: Same as Theorem 3.

Linear Transformationsand Variance

E(XZ)—(E(X)Z)

E((x u) ) (X2 —2X [+ ) (Xz) —2uE(X) +E(,L12)
E(X?) -2 +p2 =E(X?) -2 =E(x2) {E(X)’).

Theorem5:  V(X)

Proof: V(X)

Theorem6:  V(aX)=a%V (X)
Pr oof: V(ax) = E(a?X?)-(E(ax))’ =a’E(X?) -(aE(X))’
=a’E(X?)-a*(E(X))’ =a2v(x).

Theorem7: V(X +b)
Pr oof: V(X +b) =E(X +b)* ~(E(X +b))" =E(X? +2Xb +b?) {E(X) )’
= (X2 +2X0 +b?) | (E (X)) +2E(X) +b* | v (X).
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Variance of Sums and Differences

Theorem8: V(X +Y)=V(X)+V(Y), when the random variables X and Y are
independent.
Pr oof: V(X +Y)=E(X +Y)* {E(X +Y)]
(X)) +2E(X)E(Y) +(E(Y)) ]
=E(X?)+E(Y?) =(E(X)) ~{E(Y))" =V (X) +v(¥).

SO, Ty, =+ +07 .

=E(x?+2xY +v?)  (E

Theorem9: V(X -Y) =V (X)-V(Y), when the random variables X and Y are

independent..
Pr oof: Same as Theorem 8.



Suppose we generate n independent values of arandom variable X. What is the expected
value and variance of the sum?

Theorem 10: E(X,+ X, + X, +-- +X,) =nE(X)
Proof: E(X,+ X, +---+X,) =E(X,) +E(X, +- +X,)
=E(X,)+E(X,) +E(X; +-- +X,) =E(X,) +E(X,) +-- +E(X,) =nE(X).

Theorem 11: V (X, + X, + X, +---+X_ ) =nV (X) (recal that all X; areindependent)
Proof: V (X, +X, +--+X,) =V (X,) +V (X, +-- +X,)

=V (X)) +V (X,) +V (X, + +X,) =V (X,) WV (X,) + WV (X,) =V (X).
SO, Ty sy, x, = Ox M.

Sampling Distribution of the Mean
What is the mean and standard deviation of the sampling distribution of the mean?
Theorem 12: E()?) = U

Proof: E(X)= E(X1+ Xp*eo +X“j =%E(Xl +X, e +X,) :(lj(nE(X)) =u.

Theorem 13: V >? a_
n

Proof: V/( ( j=i2v(x1 £X, e +X,) =(i2j(nv(x)) =9x

So oy =

Nt



Sample Variance

Why is the denominator of the sample variance n-1? We use n-1 because the value of

> (X -X)’
‘T is an unbiased estimator of the population variance ai .
(% -X)
Theorem14: E| *—— |=07%.
n-1
Pr oof: We know that o = E(X - u)°. Consider E(Z(Xi - )?)2]_

e[S -x) =[x ) +(u—%)]2]

=Y E((x -#) )+2E[ . j

XN

o
n

=Za§+2E(inu] (ZX xj E(zuzj +2E(z,uxj +Z—
=no; +2nu’ 2nE( ) —2nu? +2n(E()?))2

=(n+1)o} +2nV (X) =(n +1) o} —Zn[ j:n 1)

So, we have E(Z(Xi —)?)ZJ:(n—l)ai. Consequently, E '—1 =02 and

(n—-1) isexactly the right value to produce an unbiased estimate of the population variance
from a sample of n independent values of arandom variable.
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