Why Do M arkov Chains Conver ge?

First, recall that a Markov Chain is represented by a square (k x k) matrix T, each
row of which sumsto 1. We know that for any initial probability distribution X,, the

sequence X, X,, X;, ... generated by X ,, =X >T converges to a steady state
S:[slszsssk] We further recognize that the matrix X.,, is aso given by
X,y = Xo XT™* and that successive powers of T aso converge to a matrix in which each

row isS. Why?
Perhaps the simplest way to see why the sequence converges is to look at the
a a &
product of asimple transition matrix T>T =T?. For our argument let T=|b, b, b, |.
G & G

a a & |a a a
SoT>T=1b b, bxb b by =
G & GG & G
aa +ab +ac aa, +ab +ac, ag; +ah +ac
ba, +bb +bc  ba, +bb +be,  bas+bb +be
Ca,+Ch +cq €@, +ob +CC,  Cas+oby+CG

The entry in the first row first column of this product has a values a,a, +ab, +a,c,. If

each of the a's is :—13 then this value is smply the average of the numbers in the first

column, :—13(a1+b1+c1). If alziL, aZ::—6L, and aS:E then the value of
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a,;,a;,b,c,c,c. The key to understanding the convergence of Markov Chains is to
think about averages. Regardless of the values of the a's, the value of the first entry in the
product matrix, a,a, +a,b, +a,c, , can be thought of as aweighted average of the valuesin
the first column, a;, b, and c, with the weights determined by the a's. What is the
important characteristic of averages that makes this work? Regardless of the weights, the
average of a set of numbers is always less than or equal to the largest and greater
than or equal to the smallest (equa only if al weights but one are zero). So the value
in the first row and first column of the product must be between the largest and smallest of
a,, b, and c,. Thevalue in the second row and first column is another weighted average
of a,, b, and ¢, and so it too, liesin the same interval. Likewise for the term in the third
row and first column. They are different because the weights are likely different, but all lie
in the same interval, between L1 the smallest value and R1 the largest

, the average of the set
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If we multiply by T again, we have the same result. Now, the new values in the first
column al must be less than or equal to the new largest value and greater than or equal to
the new smallest value. That is, the interval in which the three values fall is smaller. Now
they lie between L2 and R2.

I . . . |
—— - —
1 L2 2R
Continuing on, we find the three vaues in the first column of successive powers of T
necessarily lying in a region that is always smaller than the previous region. In fact,

although it is difficult to prove, the length of the region containing the values shrinks to
zero, carrying with it all three values. Hence the convergence.
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The other columns work similarly.

Of courseg, this doesn't prove the values converge, only that the interval containing
them decreases in size. To prove that the columns converge, we need to show that the
difference between the largest and smallest in the column goes to zero.

Let g be the smallest element in matrix T, and let M, and m, be the largest and

smallest termsin a given column of T. Consider the product

MO

m

Let M, and m be the largest and smallest elements in this product. The largest possible
value of M, would happen if the number q were multiplied by m, and all the other terms
in the vector were M,. So we know that

M1£qm)+(1' q)MOEqMO+(1_ q)Mo = MO' (1)

In asimilar manner, we can argue that the minimum value in the product will be a result of
multiplying g by M, with all other terms my,. So,

m 3 gM, +(1- g)m, £agm, +(1- q)m, =m,. 2



Thus, we know that
M,3 M;3 M,3.--3 M
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and
MmEMEME---£m,.

Thisisthe result that our "weighted averages' argument above gave us.
To prove convergence, subtract equation (2) from equation (1) to find

M, - m £(gm, +(1- q)M,)- (aM, +(1- a)my) = (1- 2g)(M, - my,).

If we repeat the process, we find that
M, - m, £(1- 2q)(M, - m) £ (1- 20)°(M, - m)

M- m, £ (1- 2g)(M,- m) £(1- 29)°(M, - m)
and

M, - m, £(1- 20)(M,,, - m,,) £ (1- 29)" (M, - m).
Finally, we notice that since q is the smallest element of T, qE%, and so

lim(1- 2q)" =0.
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Additionally, since we know that T" ® S, |, we know that for any initial
S3
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vector X, =[X X, X,
S S S

XoX"=[x X% X]ls s s|. Thisproduct isthe row vector
S S S

(XS +X8+ XS XS +XS+XS XS +TXS +X5].
Notice that each entry in this vector has a common term and can be rewritten as
[SO0HX %) (4 +X+%)  S(X+% +X)]

and that x, +X, + X, =1. Thisjust leavesthe steady state vector [s, s, s,].
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